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s: Introduction

< ~ DThis is a theoretical study of monetary and fiscal policy in a

'5 general equilibrium model with rational expectations, with perfect

5;1 markets for current goods, but with restrictions on borrowing and in-

N surance and with a Clower constraint on payments. Fiscal actions are

23 understood to be manipulations of taxes and subsidies. Monetary policy

,;; is understood to be the purchase and sale of government debt or control v i
* o

of the banking system's ability to lend. —- s

a4
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The model contains the following elements. There are overlapping

generations, eacn of which lives many periods. Consumers face individ-

4

,Q

* ual risk, There is a continuum of individuals and the individual risks
. are mutually independent. For this reason, individual risks do not

5 L]

‘2 cause fluctuations in the aggregate. There is also uncertainty at the
- aggregate level. This uncertainty appears in production functions and
"j preference orderings and is generated by a random variable which every-
x one observes. The individual uncertainty faced by one person is not

~

= verifiable by other agents and so is uninsurable. The aggregate uncer-
E} tainty is insurable in one version of the model and is not insurable

¢.4

2

o, * N . . .

v This research was supported by National Science Foundation Grant No.
b SES 8342754, by the Guggenheim Foundation, and by ONR contract NOOO-

& 14-77-C-0518.
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DA} in a second version. When agents can insure, they can sell insurance
e

- only against the collateral of assets held. Such sales of insurance
R ;

-z§: can also be used to borrow. Individuals are never permitted to borrow
-~
':3 against future wage income. Individuals hold assets for self-insurance
. and perhaps as a reserve to be spent during retirement. The assets
¥
;5$: which can be held are money, government debt and equity in firms,.

>3
Ejg; There is a Clower constraint on payments, which gives money a role be-
o sides that of a store of value. All income is received in money at

v B

Vi) .
}‘; the end of a period. Even though all markets always clear, there is
o
> : a form of unemployment. There are several industries, and when a worker
e transfers from one industry to another, he has to pass through a fixed
Xy

W
! ‘: period of unemployment. This period may be interpreted as search time,
V!
:é&: but is not modelled as such. It is simply part of the technology and

is included only to give a likely mechanism by which aggregate uncer-

tainty could give rise to trade fluctuations.

o

7,

<

By "trade fluctuations,' I mean what is commonly called business

cycles.1 It is easy to imagine how something resembling trade fluctu-

) .l 5
hy

O
KRR

ations could occur in the model, even though all markets clear. Suppose

LF

b SR
<«
N there is a change of consumer tastes and that one industry must reduce
_' output. Wages in that industry would fall and some people working there
'
d%; would find it advantageous to change jobs and so would suffer a period
LA
?

of unemployment. The budgets of the temporarily unemployed would slowly

s

deteriorate and these people would be obliged to decrease steadily their

o

{gﬁ spending. The same might be true of the people who remained at their
;:ﬁ jobs and earn reduced wages. Those working in unaffected industries
:ir, would have extra savings, for they would no longer spend as much on the
‘S§ newly unpopular commodity. If they do not spend these savings, thev

e .
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will accumulate assets. This accumulation could increase their spend-

ing on other goods, offsetting the decline in spending by the unemployed,

But the savings might be kept, perhaps to buy a new product that would

satisfy the new tastes when it became available. If the net result of

the changes in expenditure were a steady decline in aggregate spending,
deflation would result. The deflation could in turn increase real in-

terest rates and so discourage investment., So, temporary deflation (or
inflation) could result from simple changes of taste, and such episodes
could affect investment.

One may well ask "so what?", for in an overlapping generations
model, Pareto optimality does not require that the real interest rate
be constant. Fluctuations in investment resulting from fluctuations
in the real interest rate do not indicate lack of Pareto optimality.
This is so even though fluctuations in investment may cause fluctuations
in employment as labor shifts in and out of investment good industries.
In the model of this paper, unemployment is simply part of the produc-
tion process. One can argue that fluctuations in real interest rates
decrease welfare only if one has in mind a social welfare function which
assigns relative weight to the welfare of different generations.

With some such welfare function in mind, I prove, roughly speak-
ing, that there exists a monietary and fiscal policy which fixes the
price level and the nominal interest rate on government bonds.2 This
result is similar in spirit to the second welfare theorem of general
equilibrium theory. There is an ambiguity as to what is meant by "price
level." If the object is to fix the real rate of interest, then the

usual Euler equation of optimal growth theory seems to indicate that

. . tqs . 3
one should fix consumers' average marginal utility of expenditure.
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This is what I do, but 1 could equally well have fixed some conventional

price index, It would have the advantage of being observable.

I do not maximize any explicit social welfare function. 1 believe
that doing so would lead to enormous complications. It seems that in
order to have an interesting model with money and asset holding, one
must include features which preclude also Pareto optimality of equilibrium.
Optimization of a social welfare function in such a model would involve
all the problems of second best optimization. A number of features
of the model I use prevent Pareto optimality. They include constraints
on insurance and borrowing, the Clower constraint on payments, the lack
of compensation for time spent unemyloved, and the fact that taxes are
not lump-sum,

The proof that a stabilizing policy exists is also a proof that
equilibrium exists. One may wonder whether equilibrium exists only because
of the policy. For this reason, I also prove existence of equilibrium
when government policy is neutral. A neutral policy is one which leaves
constant the money supply and supply of government debt.

This result may be viewed as a generalization of the many theorems
which exist proving the existence of equilibrium with money and unin-
sured risk. It generalizes them by including stocks and a special form
of insurance sold against collateral. Papers containing existence
theorems with money and uninsured risk include Lucas (1980), Hellwig
(1982), Townsend (1983), and Bewley (1980a).

As stated earlier, I consider two versions of the model, one with
insurance of aggregate uncertainty and one without. My primary reason
for introducing insurance is to show what insurance looks like

when modelled in a way which seems to me realistic, The realistic aspect

" =
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is that insurance can be sold only against transferable collateral.
Future wages cannot be used as collateral. In my inexpert opinion,
‘these restrictions reflect roughlvwhat occurs in practice. There are
obvious problems of moral hazard which make it dangerous to accept
future wages as collateral. The insurance I define is not equivalent
to unlimited trading on Arrow-Debreu markets in contingent claims.
People may not be able to buy full coverage, for in order to buyv a
great deal of insurance against one state of nature, they might have
to sell insurance against other states. A seller of insurance would
already have to have accumulated assets, and he may not have accumulated
many assets or he might not have sufficient incentive to do so. If
his rate of pure time preference were high relative to interest rates,
he would accumulate few assets, The insurance 1 define would certainly
decrease the magnitude of the sort of deflationary episodes described
earlier, but would not necessarily prevent them.

Another reason for including insurance is that it makes possible
a kind of asset pricing formula, Without such insurance, no such form-
ula seems possible.

When one permits insurance one permits borrowing as well, for bor-
rowing is the same as the sale of equal amounts of insurance against
all states of nature. Borrowing in turn makes it possible to distinguish
inside from outside money. The distinction may be important, for an
increase in the aggregate supply of inside money need not have the same
effects as an increase in outside money. However, the possibilities
opened by this distinction are not pursued very far here,
Four types of equilibria are possible, corresponding to whether

insurance is allowed and to whether the government has a neutral or
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stabilizing policy. I prove equilibrium existence theorems for two
of these cases, that with no insurance and a stabilizing policy and
that with insurance and neutral policy. The other two cases could be
handled in a similar fashion.

Models with incomplete markets have their own special set of dif-
ficulties. One is that different shareholders may not agree on what
a firm should do if they face uninsured risk which is correlated
with the firm's profits. Each shareholder would want his firm to em-
phasize periods or states of nature where he had the greatest need.

1 avoid this problem by making special assumptions. Each firm is finite
lived and corresponds to an investment project. Firms do not choose
investments. Consumers do so when they invest in new projects. The
technology of each firm is such that it cannot affect the temporal or
stochastic distribution of its profits.

Another problem is that it is hard to prove that prices of capital
goods are finite. This problem does not occur when markets are complete,
for in that case prices are the dual variables of a social maximization
problem. Here they are not. 1 avoid this problem by assuming that the
only capital inputs are labor.

A number of other special assumptions are made in order to avoid
technical problems. I cannot pretend to be sure that the conclusions
drawn would survive removal of the special assumptions.

The plan of the paper is as follows. The next section contains
the formal model. The assumptions and theorems follow. In Sections
5-13, I discuss the model and the results. In particular, in Section
6, I discuss the fact that Pareto optimality puts almost no restrictions

on interest rates. In Section 7, I show that trade fluctuations mayv
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occur in the model., Here, 1 draw on a recent paper by Scheinkman and
Weiss (1983). In Section 8, I show that one may include inside money
in the model, and discuss briefly the idea of Sargent and Wallace
(1980) that the money supply should be market determined. In Section
10, I discuss briefly an asset pricing formula. In Section 11, I show
that transaction costs in the trading of assets would cause a discon-
tinuity in individual consumer demand. The proofs are in Sections 14
and 15. They are long and complicated, but they use arguments typical

of equilibrium theory.

2. The Model

Time

Time is discrete. Time periods should be interpreted as short,

such as a day or a week.

Consumers

A continuum of consumers is born in each period t . Each consumer
lives N periods, where N is a positive integer. The consumer born

in period t is indexed by (i,t) , where i € [0,1] .

Random Disturbances

Each consumer (i,t) observes a random variable sél’t) in the

(n+1)St period, where n =0, 1, ..., N-1 . Nobody but consumer (i,t)

observes sgl’t) , So that it represents individual uninsurable risk.

The sequences (sél’t), ...,séfit)) are mutually independent and iden-
tically distributed as i and t varyv., Each sgl’t) belongs to a
finite set S , which is the same for all (i,t) . Very often, the

superscript (i,t) 1is suppressed from the symbol " séi't) L
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All consumers alive at time t observe a random variable et .

Each of the 8, belongs to a finite set © . The stochastic process

S(i,t))N-l

’ © . »
\et)t=1 is independent of each of the processes ( n t=0 °

The finite sequence 6y, 6,s s+, 8,) is denoted @, . Similarly,
i,t i,t i,t
Eé 1) denotes (sé ’ ), ...,sé ? )) .
Consumers born at time t should really be distinguished by the
event (g¢ sél’t)) in which they are born. This distinction is made
implicitly when it is required that a consumer's allocation be measur-

able with respect to these events. Hence, I will speak of the consumer

(i,t) as if he were one person.
p

Commodities
The same finite set of commodities may be traded at any time.
The set of these commodities is C . The set of produced goods is de-

noted Cp , and C\Cp is denoted by . - C, is the set of types

of labor. The set of consumption goods is denoted Cc .

RC denotes the Euclidean space of real-valued functions on C .

C C

The symbols RS, R € and so on have the obvious meanings,

Utility
Each consumer has a utility function which is additively separable

with respect to time. The one period utility of consumer (i,t) is

Ce

u; R~ x0x S - R . He discounts future utility by a factor ¢ ,

where 0 < § <1 ., The lifetime utility of consumer (i,t) , born

N .
in period t , is E } Gnui(xt+n(2¢+n’ gél't)),et+n, s)) 2 (X)),
n=n,
N-1
where x = (xt+n(2¢+n’ En))n=nt and where n, = max(0, -t+l) .
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I~ : Production
There are J industries, where J is a positive integer. For
bTed each j , there is a technology, which is described by i) K, € RS ,
-s: ii) a positive integer Nj » and iii) an input-output possibility set
L\
Yj () , for each 6 € 0 , l(:i represents the initial capital of one
:?:\‘ unit of investment, Nj is the lifetime of the investment. Yj (e)
-y
3\ . . . . . .
T4 is the input-output possibility set made possible by one unit of in-
h vestment,
W\ . s . .
' A firm in industry j is represented by the date-event pair of
N
';:: . its birth (t, §,) and by an initial capital ij , for some Yy > 0 .
The firm then lives Nj periods after period t and has the use of
_f.{: the production possibility sets yYJ. (et+n) in each of those periods.
~ L
)
%
X Endowment
o The only endowment consuners have is labor. Endowments are defined
YN
XA . .
e by a function k : [0,1] - C . A consumer (i,t) can offer labor
At w
{ o
'_M-' of type k(i) .
” Whether a consumer can work in any period is also a random event.
'~
Y . . . . (i,t)
~ Consumer (i,t) can work in period t+n if “’in(sn **7y =1, where
- )
}:- w:_ ¢S~ {0,1} If w. (s(i’t)) =0 he cannot work (He may be
> in °* ’ ¢ in*"n ’ * d
oK sick or retired.)
P s
o,
v,
'\’: When a consumer works, he offers one unit of labor per period.
.{ N
. Unemployment
X Workers may be employed either directly by other consumers or by
< ,
= one of the J industries. This makes J+1 emplovment sectors. If
. a worker changes employment from one sector to another, he must pass
"o
:3 through a period of unemployment. A worker offering labor of type
$l
\'.b:
>
-,
S T T e ey LSRR Y Sl "x‘!\’:\'t\"ﬂs“n\':s'l‘-.' RN




k € C, must wait T, periods before obtaining a new job, where

Tk >0 . After Tk periods he may obtain a job in any sector which
uses his labor. Labor markets always clear and workers alwavs change

jobs voluntarily.

The Extended Set of Commodities

It is necessary to treat the same kind of labor emyloved in dif-
ferent sectors as distinct commodities earning different wages. For
this reason, 1 define an extended set of commodities,

CE = (C\Cw) U {k,)]x €C., i=¢c,1,..., J}. The symbol (k,j) stands
for labor of type Kk wused in sector j . The sector ¢ 1is the con-
sumer sector. From now on, all commodity vectors referring to one

period will be thought of as belonging to RCE . The input-output

CE

possibility sets Yj(e) will be thought of as subsets of R by the

obvious embedding.

Initial Conditions in Production

For t <0, wgl’t) denotes the number of consecutive periods
individual (i,t) has been unemploved in the periods immediately pre-
ceding period 1.

For j=1, ..., J and m=0, ..., Nj -1, H}mo will denote

the size of the investment in industry j made in period -m . That

is, hijKj was invested in industry j in period -m .

Resource Allocations

A resource allocation for industry j is represented by a vector
yj = (yjmt(2¢)) , Wwhere t varies over the positive integers, n

varies over 0, 1, ..., Nj and 21 varies over all histories of the

proce~- €. . ¥

t (

ﬁt) represents the input-output pos<ibility vector

jmt
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in period t and event &r of a production process initiated at time

t-n . The allocation Y5 is feasible for industry j if the follow-

ing are true.

For all m , either hjmo = 0 and y.’
=-1

h. >0 and hjmoyj,m+1

520 RICRERACH

For all t and Q¢ , there exists hjot such that

ijt(ga) = 'thtKj and for m > 0 , either tht = 0 and
-1

j0tyjm,t+m

yjm,t+m(2¢+m >0 and h

) =0 or hiOt

€V (e, -

A resource allocation to consumer (i,t) is of the form

) . fx (i,t) (i,t) , .
(L) = (G 507 ) Len@rans &n ) , where n \varies

over n,, n, +1, ..., N, for n, = max(0, -t+1) . 2¢+n varies over

histories of the & process and varies over histories of the

NERS

L,1)
~

process. X is consumption and L

t+n is employment status,

t+n
both in period t+n . The amount of labor offered in periocd t+n is

6 st

(i,t)
(s L ~t+n’ ~n

in(5n ton . The allocation (x,L) 1is feasible

for the consumer if (2.1) and (2.2) below are true.

C

c
(2.1) For all n and (2¢+n’ En)’ xt+n(2¢+n’ §n) € R, and

. .y th :
Lt+n(§¢+n’ §n) equals zero or the (k(i), j) standard basis

vector of RCE , forsome j=¢,1, ..., J.

(3,8)

I now define variables w s ) which indicate the number

t+n-1"~t+n-1’ ~n-1
of consecutive periods the consumer has been unemployed at the end of
period t+n . The definition is by induction on n . If t <1 and

ten = 0 , wél’t) is defined by the initial conditions. If t >1,

(i,t) _ . ; (i,t)
Yo 0 . Suppose py induction that “t+n-1(2¢+n—1’ S _1) has been
s (ilt) = v(i’t) i
defined. Then, Ween (e o’ S ) = “t*n-1(2¢+n-1’ s _1) + 1 if

(l’t)(e s ) =0, otherwise,

L (8 , En) = 0 and wt+n Seen’ En

t+n At +n

T e T g e e e e e . N P P S < e L L Y
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. (i,t)
) . =
(2.2) t+n(2¢+n s ) # 0 only if n=0 or kt+n 1 £¢+n 10 Sn- 1)
2 Tk(i) or if x't+n(':»1:~~n ﬁn) = Liin- 1(~¢+n 1’ ~n-1) )

This condition says that periods of unemployment must last at least
Tk(i) periods, where k(i) is the type of labor offered by the con-

sumers.

A resource allocation is of the form

(63 8,100

i€[0,1],t=-N+2,-N+3,,.. ) » Where each Y5
is a feasible allocation for industry j and each (x(1'V), [(3,1))
is a feasible allocation for consumer (i,t) . The functions

x3st) g s ) and L(lnt)(e

s ) are required to be measurable
*ten  Cnens 2n

~t+n’ ~n
with respect to i .

Aggregation over Consumers

The aggregate consumption associated with consumer allocation

(x(lst), L(l’t)) in period t and event et is

N-1 (1 . .
- - - t- .
(2.3) X (8) = J IE[xEl’t Mg, st Mylg 141 .
Similarly, the aggregate supply of labor in period t and event 84 is

N-1 1

- _ (i,t-n),, (i,t-n) (1 t-n)

@4 Ty = I [ el 6, ) g i
n=1 <0

Notice that the variation over ££1,t-n) is averaged out. This defini-

tion may be justified by appealing to the strong law of large numbers.

The aggregates are what would be obtained in the limit if one took

averages over ever larger random samples of consumers. For details,

see Bewley (1980b).
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Feasibility

(ERIICI I

A resource allocation ((y.), (x is feasible if

N,
- - 3
2.5) X.(g) - L (g) = jZo mzoyjm(g,t) :

where §£ and f& are as defined above.

The Timing of Financial Flows

In describing financial flows, a distinction is made between the
beginning and end of each time period. Taxes are paid and transactions
are made at the beginning of each period. All goods and assets bought
are paid for immediately at the beginning of the period. The seller
of an asset receives payment immediately, However, income in the form
of wages, interest or dividends is received only at the end of the
period, Stocks and bonds bought in period t pay dividends or interest

in that period to the buyer.

Securities
The securities are government bonds and shares in firms. Consumer
(i,t)'s holdings of government bonds at the end of period t+n is

denoted by h(l’t)(e s ) . The symbol hgi’t)

g,t+n At+n’ An Jm’t,,n(gt_m, 5,) denotes

his holdings of shares of firms in industry j which first invested
at time t+n-m . One such share represents ownership of a process re-
sulting from an initial investment of Kj . One government bond is a
promise to pay one unit of money at the end of the period, so that bonds
live only one period.

The symbol h(i’t) stands for consumer (i,t)'s holdings of all

assets in all periods of life, An investment allocation is of the form

CYPE RO AL R .
i‘-.-‘-i‘q »
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n(t);

where (i,t) varies over all consumers. It is required

that every component of (h(l’t)) be measurable with respect to i .

Given (n(1:t)y | Rinelg) is defined by

N-1 1
‘ " - (i,t- n) X
This is the aggregate holdings in period t of stock in firms of age
n in industry j . The aggregate holdings of government bonds,

(e ), are defined in a similar way.

gt
Part of the initial conditions of the model are the securities
held at the end of period :zero, h(g’t) >0 and h;;ét) >0, for
t = -N+2, ..., 0 . The initial conditions E&mo defined earlier are
(i,t)

simply the aggregates corresponding to the thO

Insurance
I now introduce insurance on the aggregate or universal uncertainty.

I follow up on Arrow's original paper (1963-4) on contingent claims

by placing in an intertemporal context his markets for contingent claims

on units of account.
An insurance program for consumer (i,t) is of the form

(8rans1? ,n))n_nt » where n_ = max(0, -t+1) and where each

as= (at+n

(8

Sren+1’ S s ) is a number and represents the amount of money received

8 4n

(>0) or paid (<0) 1in event Srene1 3t the beginning of period

t+n . The commitments 1(e 8 ) are arranged in period

t+n+ +n’ At+n+l’ 2n

t+n and in event (QQ*n gn) .

Part of the initial conditions of the model are the insurance con-

tracts falling due in the initial period. .Let aéi’t)(el) be the amount

s el e ™

Se ate hd

" < - - - - - - qA - - - -. .‘ -‘
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of money due to consumer (i,t) at the beginning of period 0, for
0 !y
t >0. It is required that Z J a"*"’(8,) =0, for all ¢
= =N+2 70 0 1

An insurance allocation is of the form (a(l’t)) , where each

NeRS)

is an insurance program for consumer (i,t) . It is required

that the components of a(l’t) be measurable with respect to i .
Given (a(l’t)) the aggregate insurance commitment is defined to be
N
- (1 t-n) :
R N,
L ) at(";‘t’ [ (%*n Nﬂ) '~t+n]d1 .
n=0
Allocation

An allocation is of the form ((yj). (x(i’t), L(i’t), h(i’t), a(i’t))1

L)) i),

is a2 resource allocation,

@t

where ((yj). (\(1 t)
is an investment allocation and

The allocation is feasible if

is an insurance allocation.

((yj), (x(i’t), L(i’t))) is feasible as a resource allocation,

(e )K , forall j, t and e ,

Yior @) = -Bj0p (8 <t

E.Jmt(e ) = J m+l,t+1(2t' 8,4)) » forall j,m=0, ..., Nj -1
and for t > 0 and all S0 8o
. =0, for all t and 2&+1 .

The last condition implies that there is no aggregate borrowing

or lending.
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e Prices
; All prices are in terms of money.

< .1‘.'

2%; A commodity price svstem is of the form p = (pl(gd), pz(gc), cee )
.";:.' CE 3 3

AL

N where Pt(gt) €R,, for all t and 2& . A security price system

‘ is of the form q = (ql(gd), qz(ga), ees ) , where
i : .
gii qt(gt) = (qgt(gt)’ (qjmt(gt))) . qgt(gt) is the price of a government
\ +
E*S bond in period t . qjmt(gt) is the price in period t of a share of

a firm in industry j which invested initially in period t-m . A

P
:;? system of insurance premiums is of the form v = (Vl(ﬁn)' v,(gs), cee )
] .. ‘.: - -
I;E where vt(gt, et+1) is the amount of money paid in period t and event
- 2& from one unit of money in period t+l1 and event (8, Bt+1) .

.
‘:% A price system is (p,q,v) , where p, q and v are as above.
3 |

. Profits

! CE '

':i' For p € R;" , let wj(p,e) = sup{p+y|y € Yj(e)} . If p=(p(g,))
S

) is a price system, then "j(ptcgt)’ 6,) is the dividend paid at the

\ ’
: A end of period t on one share of stock in a firm in industry j which
T

{2 produces during period t .

42

R

52 Taxes

. The government chooses a sequence of tax functions

At

-~ . . .

%gé T = (rl(-, el), tz(', 92), «se ) » where tt(h, et) is a function
353 of a consumer's wealth, W ., Taxes will always be either proportional
gL

. to wealth or lump-sum subsidies.

K

L

2o Initial Money Balances
A Additional initial conditions are the end of period 0 money balances
fﬁs Mél’t) > 0 of consumers alive in period zero.
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- Wealth and Money Balances

: Let a price and tax system (p,q,v,T) be given and fix an alloca-
':j tion (x,L,h,a) for a consumer (i,t) . I now define corresponding
Ly

-, 1,t

< wealths and money balances. H£+n )(~¢+n' §n) denotes money balances

. . 1,t
held at the end of the (n+1) period of life, I£+n )(2¢+n En)

< denotes the quantity of money held during the (n+l) period of life
-\

o4

X ; (i,t) . .

3 and as an investment, wt+n (gt+n _1) is wealth at the beginning
) of the (n+1)St period of life. I now define these quantities bv in-
;i duction on n .,

Y

3: If consumer (i,t) is alive at time zero, his initial money balances

are M(l’t) . Otherwise, they are M(llt) 0 . Suppose by induction

2 i,t .

}3 that M£+n %(e -1’ En-l) has been defined, for n > 0 . Then,

£y

(i,t) _ui,t)

: (2.8) wt+n (gx*n -1) - Mt+n- (~¢+n 1 & -1) * at+n-1Q2¢+n’ En-l)
~.
..' J

= * .Z Z qJ,m+1 t#n(2t+n)h3m t+n-1(e +n-1’ én-l) *

. j=1 m=0

N Also,

; (i,t) (i,1)

- (2.9) It+n (2¢+n’ in) ht+n (8 ~t+n’ sn) pt+n(~¢+n t+n ~t+n’ En)
1. N

A : : 7

o q8,t+n(2t+n) hg t+n(~¢+n’sn) le m_qu,m t+n ~¢+n) hjm,t+n(2t+n’§n)
L _ o oae(ist)

\ 0 Z vt+n(2¢+n t*n+1)at+n(2¢+n’et+n*1’s ) -t (w (2¢+n 1)’~¢+n
- t+n+]
Finally,

b

2

>
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a& (i,t) . - 1(1,1) '
:i (2.10) Mt+n (2¢+n’ ~n) - It+n (§¢+n’ §n) +pt+n(2¢+n)“in(5ﬂ)Lt+n(2¢+n’ ~n
; o
\.
'y P
A * hg,t+n(2¢+n’ En) +izl mzlﬂj(pt+n(*¢+r" et+n)hj,m,t*n(2¢+n’ En)
: K
B :
The Budget Constraints
f: The budget set of consumer (i,t) is B(l’t)(p,q,v,r)
‘;j = {(x,L,h,a) |[(x,L,h,a) is an allocation for consumer (i,t), which is
- . . A(i,t) (i,t)
. feasible for him and “t+n (2¢+n’ én-l) > 0 and It+n (21+n’ gﬂ) >0,
N i (i,t) (i,t) :
;i for all n, 2¢*n and gn} , where “t+n and It+ﬁ are as just de-
o fined. The constraint Ifi;t) > 0 means that the consumer never holds
' negative money balances. The constraint wiiﬁt) 2 0 means that all
-:; payments on insurance contracts (or loans) are fully secured by nego-
2 tiable collateral. One cannot pay off insurance contracts by selling
fo
_ new ones, Nor can one use futvre wages as collateral, .This last re-
ﬂl striction may be justified by referring to the random variation
.5.': :
N min(gél’t)) in labor endowments,
< Consumer Demand
"’ -
Ef The consumer demand correspondence, E(l’t)(p,q,v,t) , 1s the
<3 .
N set of solutions of the problenm max{Ui(x)I(x,L,h,a) € B(l’t)(p,q,v,r)} .
-‘.‘
.':: Supply
b
;: The supply correspondence for industry j is N, where for
= P € REE and 8 €6 . nj(p,e) is the set of solutions of the problem
A
S
55 max{pey|y € Y;(8)} .
2
-i !
o |
”
% 1
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Equilibrium

An equilibrium consists of ((Yi). (x(i’t), L(i't), h(l’t), a(i’t)),

(P.Q,V,T)) such that

1) ((yj), (A(l t). L(i’t), h(i’t), a(i’t))) is a feasible allocation,

2) (p,q,v) is a price systen,

3) T 1is a tax systen,

4) if any good or security is in excess supply, its price is zero,
5) ijt(gc) = JOt(e )k , for all j , t and o ,

~
(2 ¥

~

(&) » where ¥y mt (8¢ ) €n, (pt(e ), € &) »

6) yjmt(gt) 1mt jmt ‘e

for all j, m>0, t and 2{ ,

7) qjot(g ) < pt(‘g't)l(t , forall j, t , and g¢ , with equality
lf hJOt(n ) >0 ’

8) (x(1 t), L(1 t), h(l’t), a(i’t)) € g(i’t)(p,q,v,r) , for almost
every i and all ¢t .,

Nothing yet has been said about equilibrium in the market for govern-

ment bonds or about the money supply.

The Money Supply

The appropriate definition of money supply seems to be after tax
money supply. The after tax money supply of consumer (i,t) at the

s = M3:H (g

beginning of period t is MA(1 t)(6 -1

t+n 2t+n’ 2n
(i,t) . .
- rt(wt*n (2¢+n an)’ 2¢+n) . The aggregate money supply in period

2ren-1" En-1)

t is

N-l (1,
(2.11) Fg,) = Zo JOE[bii\(l’t'n)(e s 50 18,0
n=

Because government debt is repaid every period, ﬁi represents the

government's entire liability, including debt.

.................
...........
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éé The Marginal Utility of Expenditure
Policy intervention uses the aggregate marginal utility of expen-
&y C
.5 diture as an index of the price level. Given p € REE and x € R*c s
:i: the marginal utility of expenditure of an individual of type i is
~a _ 3ui(x,e,s)
a:(p,x,8,s) = max p —_—,
R} R PR g
> c
i
. assuming that the derivative exists. In an equilibrium
.
- . . . .
. »t »t ,t t .
-$ ((yj). (x(l ), L(1 ), h(1 ), a(l’ )), (p,q,v,T)) , the marginal
h;é utility of expenditure of consumer (i,t) in period t+n is
(i,t) - (i,t)
3 %t+n (Q'tm’ 211) - ai(ptm(gtm)’ Xt+n ('got-rn’ 5!1)’ etm’ E'n) The
Ij‘ aggregate marginal utility of expenditure is
ay
v
)
- _ N-L ol
» (2.12) @, (g,) = ¥ JE["t ’ (8 5) Igt]dl .
.‘A'a n=0 0
Ky
.
o Types of Equilibrium
#E Let a >0 and Q be such that 0 <Q<1 ., An (0,Q) controlled
a
'n" PP . . < q . -— - -
:: equilibrium is an equilibrium such that ut(gt) = a and qgt(gm) =Q,
}: for all t and 8 - That is, the aggregate marginal utility of ex-
" penditure is always o and the price of government bonds is always
ES Q . The government is assumed to provide in each period t and state
o) —
\ £ the quantity (6,) of government bonds demanded. One can imagine
% gt
ﬂﬁ that the tax system is chosen so as to achieve °t(2¢) =g . In this
&Y
hf equilibrium, the money supply fluctuates freely in response to changes
o
D, in tax collections and the demand for government debt.
N A (G,M) balanced budget equilibrium is an equilibrium such that
LAY
2 s iy =
:2 't(gt) M and hgt(gm) =G, forall t and 9, , where M>G 2 0.
IN
Al
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That is, the government debt and money supply are fixed at G and

M , respectively. It follows that the government's budget always

-
-7 balances.
:j Other kinds of equilibria exist. One can fix the tax system and
- money supply and allow government debt to vary, or one could fix the
. tax system and allow the money supply to vary, One cannot fix all
o
N, three independently, of course. One can define equilibria without in-
surance simply by excluding the symbols a(l’t) and Ve evervwhere
o
“d
3 above,
-
“
3. Assumptions
L4
S Assumptions about Utilitv
4
C
4
% (3.1) For all i, & and s , the function ui(-,e,s) : R+c -+ R
is continuously differentiable, strictly increasing and concave.
-
) _ Bui (x,8,8) _
., (3.2) There is u > 0 such that ) <u, forall i,
. k, x, 6 and s .
:: aui (X,Q,S)
) (3.3) There is u > 0 such that ————3;;—- 2u, forall i, k,
7
] 8 and s and for x such that X, £ 1, forall n.
. du, (x,6,s) _ 3u,(x,6,s)
. (3.4) There is a number MS > 0 such that < M5

’
. axk axn
: forall i, Xk, n, 6, s and x,
This assumption says that marginal rates of substitution are uniformly

bounded.
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<40 Assumptions about Production

Associated with each technology j there are sets C} c C and

b C; c Cp . Industry j wuses the goods in C} as inputs and produces

= . + ot C, .. s L - . +
} goods in cj - Let X; = {y €R I)k§01fk€Cj andyk;01f}\€Cj
and y, = 0 otherwise} .
‘-":
e (3.5) There is g;(-,6) : X; >R such that Y;(6) = {y € X;|g;(x,8) g 0} .

I remind the reader that in the discussions of equilibrium, Yi(e)

should be tHought of as a subset of RCE .

XY

]

N

. 4 (3.6) For all j and 8 , gi(-,e) : xj + R is continuously differ-
N 3g. (v,6)

e entiable and convex. Also, for all k and y , -—13;———— >0

ot for k with strict inequality for some k ., Finally,

(\ g;(0,6) =0, forall j and 6 (so that 0 € '\'j(s) ).

~'

20

-iﬁ (3.7) There is B > 0 such that for all j and 6 and all y € Yj(e) ,
, Yy <B, forall k€ C; . Also, if k € C; , then

2 9g. (v,0)

T ——15————-= 0 whenever y < -B ,

oK) y}\ k =
‘.l

S

p— _ 985 (y,8) _agj(y.e)

(3.8) There is a number MP > 1 such that < MP: .

o ayk = ayn

o,

:Q} for all j and 6 , for all y € Yj(e) and for all n € C;

P

and k € C; .

o |

T i
DN

AR TAR

That is, marginal products are uniformly bounded.

C.
(3.9) ks € R , forall j.

o TR
o
.
A S
=

A -‘..f. .‘. -" LA

[ QLI AL

-.‘.l's.' V
—aa




1 O

.‘ ., -,

Frmemer

55 e

A AR, o,
-
.

§

NNNN N

e
P

..
s,

.

That is, the only investment goods are kinds of labor.

(3.10) Kj >0, for all j

Measurability Assumptions

Bui(x,e,s)

>

for all 6, s and k.

(3.11) The function is jointly measurable in i and x

2z 1n : (s . Ai,t) (i,t) (i,t)
(3.12) The functions k(i) , uin(s) AN s hgO . hij s

aél’t)(al) , and Mél’t) are all measurable with respect to

Other Assumptions

(3.13) N>2.
That is, people live more than two periods.

(3.14) wiN(s) =0, forall i and s .

That is, people don't work in the last period of life.

. (i,t)|N-1 ©
(3.15) The stochastic processes (sn )n=0 and (et)t=1 are all
mutually independent. The processes (sél’t))g;é are all

identically distributed as (s )N-d .

(3.16) There is n > 0 such that for all t and ¢, , Prob[8t+1|2t] >n

~
whenever Prob[et+1|g¢] >0 .

Without loss of generality, it may be assumed that for all n and 5n

Prob[s lgn] > n whenever Prob[sn+1I§n] >0 .

n+l

’




...........

CartT

~r -,
varaNINA N

(3.17) Good 1 belongs to Cw n CC and is not used as an input by any

industry (that is, 1 ¢ C; and Kjl =0, forall j ). Also,
mes{i € [0,1]|k(i) = 1} > 0 , where mes denotes Lebesgue meas-
ure. Finally, there is w > 0 such that E[uin(sn)] >w , for

all i such that k(i) =1 and for n < N-1 .,

Good 1 may be thought of as domestic help. This assumption guarantees

a minimum level of economic activity.

3 . (i,t) (i,t) (i,t) (i,t)
(3.18) Tne functions hgO R hjmo » 3 (61) and MO
are uniformly bounded and 56(61) =0, for all el . Also

(i,t) (i,t) ;
a, (91) + MG >0, for all i, t and 61

4. Theorems
I prove the existence of two of the szveral types of equilibria

possible, Assume that assumptions (3.1)-(3.18) apply.

(4.1) Theorem. For every o > 0 and every Q such that 0<Q <1,

there exists an (a,Q) controlled equilibrium with no insurance.

1
Assume now that I M
0

.
J (Mél’k's) + aél’h's)(el))di >0, for every 6
0

(19N'2)

5 + aéi’N'z)(el))di > 0 and

1 .

(4.2) Theorem. For every G and M such that M > G > 0 , there

is a (G,M) balanced budget equilibrium.

After having read the proofs of these theorems, one will be able
to see how to prove the existence of an (a,Q) controlled equilibrium

with insurance and ¢~ . (G,M) balanced budget equilibrium without
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insurance. One will also see how to prove the existence of a controlled
equilibrium where instead of keeping at(§¢) constant, onc fixes a

consumer price index of the form [ ) §£k(2¢)]-lpt(2¢)°§;(2¢) .
k€EC

c

In an (a,Q)-controlled equilibrium, the control of interest rates
becomes ineffective if no one buys government bonds. I include no con-
dition which guarantees that bonds are held, One can, however, manipu-
late the tax system so as to create as large a demand as one likes for

assets, Onc simply gives a large subsidy to voung consumers which is

taxed away later in life--a kind of reverse social security svstem.

5. Indeterminacy

The use of the word "controlled" in the definition of an (o,q)
controlled equilibrium is somewhat deceptive, for the equilibrium may
not be determinate. In that equilibrium, the government pegs the interest
rate on bonds and announces and institutes a certain tax system. There
may be many equilibria corresponding to these choices. The work of
Geanakoplos and Polemarchakis (1983) and Kehoe and Levine (1982) makes
clear why this is so. 1In the simplest overlapping generations model,
there may exist a continuum of equilibria, even if we exclude inflation-
ary equilibria. Thus, the government cannot be sure that the outcome
of its policy will be the desired equilibrium.

In the model of this paper, it is possible to exclude inflationary
equilibria by placing an upper bound on the money supply. The argument
is simple. Assumption (3.17) puts a lower bound on the level of economic
activity, and the Clower constraint says that a certain level of real
balances is needed to support this activity. In the equilibrium of

Theorem 4.1, the money supply is in fact bounded.
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6. Why Stabilize the Real Interest Rate?

I now indicate why it is that one needs a social welfare function
to justify interest rate stabilization in the model of this paper.
Consider a Diamond (1965) overlapping generations model in which people
live two periods. One person is born each period. There are two com-

modities, labor and a produced good. Each consumer has an endowment

of I& units of labor in the ith period of life. Each has a utility

function u(xl, x2) , where X5 is consumption of produced good in

th

the 1 period of life. The production function is Yy = f(K L),

t-1° "t

where Ye is output in period t , is output set aside as capital

l\t-l

in period t-1 and Lt is labor used in period t . Assume that f
is homogeneous of degree one, Consumers can hold capital goods or govern-
ment debt as assets, The debt held from period t to t+l earns i-.

terest at real interest rate T, . Government debt and r, wmay be

negative., Let the numeraire in each period be thkz produced good in that
period. Suppose that there is a lump-sum tax of Ty paid by evervone

in period t ., The budget constraint of a consumer born in period t

- -1
L1 - Tt + (1 +rt) (wt+1
th

X,; is consumption of produced good in the i period of life and

. -1 -
is X, ¢ xtz(l +rt) S vy L2 -Tt+1) , where

Wy is the wage in period t . The technology is operated so as to
maximize f(kt_l, Lt) - Q1 +rt)Kt_1 - tht , for every t .
I1f appropriate regularity restrictions are made, then every equi-

librium of this economy is Pareto optimal provided

® t
(6.1) 0 < Z m(1 +rt)-1 < @,
t=1 n=1

The equilibrium allocation simply maximizes the social welfare function.
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."4 “ had = . . . .
; (6.2 Z Do) ulx g X))+ ulXgps Xga)

, t=1 n=1

£

}:, where X01 is given as an initial condition. In fact, condition (6.1)

= is stronger than necessary. (See Balasko and Shell (1980).) The above
N is a version of the first welfare theorem of equilibrium theory. A

%E version of the second also applies. Let the interest rates T, be
% prescribed so that (6.1) is valid. There is a feasible allocation maxi-
fj: mizing (6.2), and one may choose the taxes T, SO that the maximizing
;Y: allocation is the allocation of an equilibrium with these taxes and the
;f interest rates T, and with the price of the consumption good always
:& equal to one. One may renormalize prices so that interest rates are

ﬁk alvays non-negative. The taxes pay the interest on the government debt.
- They may be negative just as may be the government debt. Negative debt
i

-:: corresponds to lending by the government to consumers. The tax T, is
.-..

o chosen so as to balance the budget of the consumer born at time t-1 .
": A version of the second welfare theorem is in Diamond (1973). Another
' version is proved in Balasko and Shell (1980). The theorem holds in

. great generality, with many commodities, people living many periods,

- and so on,

I}j Thus, Pareto optimality puts no practical restriction on the real
-;3 interest rates r, . Periods of inflation (rt < 0) may alternate

N . . .
B with periods of deflation (rt > 0) , or the capital stock may be driven
‘»l
Z:f' to zero (lim r, = w) ., In either of these cases, equilibrium would
\'(n t_m
SN
yio, be Pareto optimal.

a s
¥ ’6 )

. These two welfare theorems may be interpreted just as are the usual
)
et? welfare theorems. Thinking of the first theorem, we can assert that

q}

.

~
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there is no such thing as a just interest rate. We have only equilib-
rium interest rates, Thinking of the second theorem, we can assert
that if other considerations tell us what real interest rates we want,
then these rates can be engineered by appropriate choices of taxes and
subsidies. The distribution of welfare among generations is just as
subject to manipulation as is that among contemporaries. Since the
real interest rate determines the rate of economic growth and the wel-
fare of future generations, it seems quite appropriate to think of it
as an object of policy.

Theorem 4.1 is of interest only if one adopts the view expressed
by the second welfare theorem. The point of view expressed by the first
theorem is, of course, equally valid. It has found expression in the
literature, as in Sargent and Wallace (1982).

There is no reason that a social welfare function should specify
constant interest rates, as I have done in Theorem 4.1. Interest rates
were made constant there simply for economy of exposition.

If consumers were immortal, the situation would be different.

For instance, if all consumers discounted future utility at rate o ,
then p would be the matural target real interest rate. With restric-
tions on borrowing, the equilibrium real interest rate could be less
than p , but can be greater than p only temporarily. An appropriate
policy prescription in this case would be to drive real interest rates

as high as possible,
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.. The Possibilityv of Trade Fluctuations

e, Examples of trade fluctuations in models like that of this paper

:i have been provided by Scheinkman and ¥Weiss (1983) and Grandmont (198§3).
- Grandmont demonstrates that cyclic fluctuations can occur in the simp-
e lest Samuelson consumption loan model, provided the utility function has
;i special properties. The fluctuations in the model of Scheinkman and

f‘ Weiss are similar to the trade fluctuations mentioned in the introduc-
! tion, which would be generated by changes in taste and unemplovment.

.

Q Scheinkman and Weiss consider an economy with two immortal consumers

3‘ who use labor to produce a single consumption good. Labor is the only

A

input in production. Labor itself causes disutility. At any time only

il

[RAAAE A,

one worker can work, and the ability to work passes from one to the

other randomly. The person who works accumulates money to be spent
Y, when he is unemployed. Since he discounts future utility, there is
a limit to how much money he is willing to accumulate. As he reaches

ko this limit, he consumes more and works less. Thus, the output of the

\

economy depends on the distribution of wealth among the two consumers.

.‘
2%s%.%s

I have not included a disutility of work and prefer to think in

“

% terms of fluctuations in output as being caused by fluctuations in in-
- vestment due to changes in real interest rates. By including investment
j? in the model of Scheinkman and Wéiss, one can obtain such fluctuations.
:4 Imagine that time is discrete and that every nth period the ability
'; to work passes from one consumer to the other. Imagine for the moment
? that there is no investment, but that goods are produced directly from
-é' labor, as in Scheinkman and Weiss, Finally, imagine that the model

?? is otherwise as in Section 2 above, with a Clower payments lag. Then,
g it is easy to see that there is a cyclic equilibrium with period 2n .
v

T
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Let p be the price of the consumption good in the period in which
one of the workers first gets paid after a period of unemployment.
The price of the consumption good will be ka in the Kth period
thereafter, for k =1, ..., n-1 , provided § is sufficiently close
to one, where § is the discount factor applied to the future utility,
If there is no disutility of labor, output remains constant., Imagine
now that one introduces a little bit of investment. Then, the prices
of the cyclic equilibrium will be nearly the same as before, and invest-
ment would'jump upward during the periods of inflation (when the price
jumps from 6n-1p to p ). A specific example of this kind is given
in the appendix (example A.l1).

One might well ask why on earth labor endowments should ever fluc-
tuate as in the example. However, the example can be modified so as
to reflect a story closer to that involving changes in consumer tastes
which was told in the introduction. Let there be four produced goods
and suppose that consumer 1 is in the industry producing goods 1 and 2
and that consumer 2 is in the industry producing goods 3 and 4. Sup-
pose that consumer demand is such that the following are true: good 1
is demanded in periods 4kn+l, 4kn+2, ..., (4k+2)n ; good 2 is demanded
in periods (4k+2)n+l, ..., 4(k+1)n ; good 3 is demanded in periods

(4k+1)n+1, ..., (4k+3)n ; and good 4 is demanded in periods

(4k+3)n+1, ..., (4k+5)n ; for k any integer. Suppose also that it
takes n periods for a worker to switch from the production of one
good to that of another., Then, a pattern of employment will result
much like that previously described.

The secondary effects of unemployment would be reduced by the in-

surance defined in Section 2. However, even perfect insurance could

!
|
J
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not eliminate fluctuations in real interest rates. In order to see that
this is so, it is sufficient to realize that in the model of this paper
the real interest rate depends on all the elements of the economy. If
any of these change, the interest rate may also change. An example of
this sort is given in the appendix (example A.2). There a change in a

production function causes a change in the interest rate.

8. 1Inside Money

It is possible to include in the model a distinction between inside
and outside money, Inside money is created by borrowing by individuals.
Outside money is an obligation of the government.

The number at(2¢’6t+1) , defined by equation (2.7), is the aggre-

gate indebtedness of individuals in period t and event for period

%

t+1 and state (g,, 6,,;) . In Theorem 4.2, the 5;(6 , 6 were

t+1)
all required to be zero. Now let there be numbers At(gt) < 0, for
each t and 2( and reauire that at(2¢, et+1) = At(2¢) , for all

t, 8 and et*1 . Then, the aggregate borrowing of individuals in

period t and event 8 is -At(g‘t)e ) Ve (8» 8,,,) . Define this
t+l

quantity to be the quantity of inside money in period t and event

Qt , and call it Mi(gx) + Outside money is defined to be

MO(e,) = Mh(g,) - MI(g,) , where WA(g,) is defined by equation (2.11).
In interpreting inside money, one may think of the government as

owning the banking system. Think of banks as making non-contingent

Ioans each period to be repa.d at the end of the beginning of the fol-

lowing period. The aggregate value of the loans is the quantity of inside

money. The rate of interest paid on loans in period t and event §,
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. -1
is [} Ve(8es 6,01 -1
6t+1

Since the government owns the banking system, the interest on loans
is its revenue. The government's budget is balanced when tax collections
at the beginning of period t equal interest paid on government debt
minus that earned on bank loans during the previous period. If the
government's budget is always in balance, then the quantity of outside
money remains constant. (Recall that because government debt is repaid
every period, ﬁi includes government debt.) However, the quantity of
inside money can fluctuate, so that a balanced budget may call for fluc-
tuating taxes. The taxes may, in fact, be negative. That is, subsidies
may be called for.

The quantity of outside money may also be negative. Negative out-
side money may be interpreted as demand deposits with the banking system
held by the government.

An increase in outside money at the expense of inside money increases
the taxes of a balanced budget and, in simple examples, it raises interest
rates. Interest rates increase because the supply of loans decreases.
Thus, inside and outside money seem to be separate instruments of mone-
tary policy. However, it is not always possible for the government to
control the quantities of both inside and outside money, for the simple
reason that if enough deflation were to occur people might not be willing
to borrow at all, even if the interest were zero, as is shown by example
A.3 of the appendix. In order to control inside money, it would be
necessary to use fiscal policy to prevent deflation,

Sargent and Wallace (1982) have argued that the level of inside
money should not be controlled at all. They give an example of an over-

lapping generations model in which the real rate of interest and borrowing

R YL I R
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fluctuare widely and nevertheless equilibrium is Pareto optimal. Thev

argue that the aggregate borrowing should be determined by market forces
alone.4
- If banks may not pay interest on loans, then competition among

banks would reduce the nominal interest rate to zero, or to a level

~.
15& which just covered the cost of doing business. This is what occurs in
S? the paper of Sargent and Wallace. If banks are allowed to pay interest
‘ on money, then there seems to be a problem of indeterminacy of equilib-
l%: rium. Example A.4 in the appendix shows why. I do not know how general
qi this indeterminacy may be.
ot
ﬁ: 9. Consumer Durables
:3 It is easy to include consumer durables in the model. These would
be goods which could be bought by consumers only in discrete quantities,
;é Also, they would have a lifetime of more than one period and holders
is of a durable good would derive utility from its services. It would be
. necessary to include a market for each consumer good of each age. Be-
S
\: cause there is a continuum of consumers, the discreteness of purchases
:; of durables does not cause a discontinuity in aggregate demand. 1 have
i reluctantly excluded durables from the model in order to save space
‘EE and reduce notation. The advantage of including durables is that one
Eis can make quite convincing examples in which changes in taste for dur-
- ables lead to temporary deflation. It is natural to suppose that if
:21 such a change of taste occurred, then people would save money in order
:ﬁ to buy new durables corresponding to their new tastes when these new
éi durables became available.
2
o
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XS 10. An Asset Pricing Formula
2 g Formul
. Suppose that there is insurance of the aggregate events g{ .

N

¥y Let qt(ﬁm) be the equilibrium price of any security in period t and
,‘%: let Qt+1(2¢+1) be the total return of the same security in period
(W

t+1 (that is, principal plus interest on price plus dividend). Then,
=
Lh * <& . '3 .
- (10.1) q,(g,) 2 . ) Ve (8er 0401)Q,1(8es O¢,p) » with equality if a
4 t+l
positive quantity of the asset is held,

~
- i where ( *1) is the equilibrium insurance premium. A simple arbi-
. trage argument demonstrates this inequality. It follows that in equi-
NS librium all consumers are indifferent between holding securities or
\‘.:<
) buying insurance.

2%

w2y If there is no insurance of aggregate insurance, then there is
A no equation relating an asset's price to its total returns,
"-::

<=

-® 4

\ - 3 . K]

g, 11. Transactions Costs in Financial Assets

»

" It would be desirable from the point of view of realism to include
transactions costs in security trades. Doing so would give a Baumol-

. Tobin motive for holding money, However, such transaction costs intro-

duce a discontinuity into consumer demand functions, as the example

- below shows., Thus, equilibrium may not exist. In order that the dis-

continuity in individual demand not appear as a discontinuity in aggre-

! 'l -
LI

¥ a

gate demand, it would be necessary that only a set of consumers of

v,
N . s . :
- L measure zero have a discontinuity at any given vector of values for
NG prices and taxes. In order to prove a result of this kind, it would
e 7
o

L4 . PR .
ey be necessary that the individual random variables s._ vary over
. it

o
r
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-j:::‘
- continuum.
; Example. A single consumer lives two periods. He buys one con-
-
;ﬁ: sumption good. His utility function is log(x] +1) + log(x2 +1) 3
&\ where X, 1s consumption in period t . He can hold money or a single
)]
security. He holds one unit of each at the end of period zero and has
:ﬁ no other source of income or wealth. One unit of the security held at
N
Cj the beginning of period one yields a dividend of one at the end of
-d"
period one, The consumer must pay a tax of one half of his wealth at
IR
'{; the beginning of period one. The price of the consumption good is one
-'_-v
}:f in each period. That of the security is q in each period. Each
!
N transaction in the security costs one unit of money. The tax base is
e
e wealth net of transaction costs,
3& : If q 21, the consumer prefers to sell his security in period
P
. . . 1-q .
2 and his consumtion is Xy ==, X =q. If q>1, he is forced
<
éﬁ to sell in period 1 and his consumption is X = X, = %q . Hence, demand
..
A:Q is discontinuous at q = 1 . More precisely, the demand correspondence
-
' is not upper semi-continuous,
N
':: 12, The Clower Constraint
The model of Section 2 is asymmetric in that the Clower payment
o lag applies to payments of income but not to the sale of securities.
13§ The proceeds from sales of assets may be spent immediately.
o,
. The Clower constraint has been restricted in order to reduce no-
';3 tation and the complexity of the arguments., Theorems 4.1 and 4.2 remain
-;: valid if the Clower constraint is extended to transactions in securi-
c—’:
i. ties. However, the asset pricing formula (10.1) must be replaced by
o o
A two inequalities,
- ‘.l
l"’.
."'
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Y
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Extending the Clower constraint to transactions in securities would
increase the demand for money and make it possible to have a more in-
teresting demand for money in examples. For instance, the demand for
money would depend on the volume of transactions in securities,

The Clower lag would also be extended to borrowing and sales of
KN insurance. However, doing so would require major changes in the model.

Loans or insurance contracts would have to be for at least two periods.

13. Critique of Assumptions

The Nature of Firms

As was pointed out in the introduction, firms and technologies
are described in such a way that firms cannot affect the temporal or
stochastic distribution of their profits. This was done so that con-
sumers facing uninsurable risk could agree on the objective of their

e firms.

Bounds on Relative Prices

Assumptions 3.4, 3.8 and 3,9 put bounds on relative prices. As-

. sumptions 3.4 and 3.9 are especially restrictive. A similar restric-
tion is that there is no durable productive asset, such as land, in

the model.

2 These restrictions could be dropped if one knew that there was a
positive lower bound on the amount of any good that could be produced
in any period. This is the so-called interiority property. In turn-
pike theory, it is common practice to assume that optimal paths have
this property. The property seems plausible, but conditions guarantee-

ing it are so complicated that one usually just assumes it. However,

one can hardly assume interiority when proving the . ..stence of equilibrium,
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The Lower Bound on Economic Activity

Assumption 5.17 guarantees a minimum level of economic activity.
Some such assumption is always needed in equilibrium existence theorems.
In the case of the model of this paper, it is easy to make up examples
in which no economic activity is possible in equilibrium. Think of an
overlapping generations model in which there is no production without
capital and in which consumers earn all their wage income in the last
period of life. Then, unless one allows borrowing, no one would be able

to buy any capital and so there would be no production.

Individual Uncertainty

One might ask why individual uncertainty was included in the model.
It is not necessary for the existence of equilibrium. I included this
extra bit of generality both because I believe that individual uncer-
tainty is important in reality and because irdividual uncertainty is

useful in making up illustrative examples.

Continuum of Individuals

The continuum of individuals was included so that individual un-
certainty would not cause random fluctuations in prices. It also enables
one to include discrete individual actions involving unemployment or

durable goods.

Minor Restrictions

A number of minor restrictions have been made simply to economize

notation. For instance, utility functions could be more general and

there could be disutility for labor.
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A

o

i;f Fixed Lifetimes
{‘ It should be possible to generali:ze Theorems 4.1 and 4.2 to a modcl
Q:}: in which lifetimes are random. However, it might be difficult to do
2;: so. In proving the theorems, I frequently use the fact that people

] consume all their wealth in the last period of life.

‘.__\.

fii Major Implicit Restrictions
= Two very important assumptions underlie the whole model. These
¢$ are that expectations are rational and that information about aggregate
"

AT uncertainty is fully symmetric. Clearly, these assumptions do not apply
e
".' -, . .

v strictly in reality. But they still may give a useful approximation
L

s of reality.
o
e 14, Proof of Theorem 4.1
{
:;: The rough plan of the proof is as follows. I truncate the hori-
" J 3 - - - .

s zon so that the model has only finitely many periods. I fix the price
N of government bonds at Q . A fixed point argument proves the existence
s:; of an equilibrium for the truncated model. I calculate upper and lower
ﬁ;i bounds for the prices and then allow the horizon to go to infinity.
e A compactness or Cantor diagonal argument yields an equilibrium in the
;:, limit. The same plan has been used before in proving existence of
NG
iﬂ- equilibrium in infinite horizon models. See, for instance Bewley (1980),
.~,..:
-, Balasko and Shell (1980), Balasko, Cass and Shell (1980), or Wilson (1981).
[

e Without loss of generality, I may assume that a =1, where a
;:f is as in the definition of an (a,Q) controlled equilibrium.
SV The argument is broken up into a number of steps.
:v’.n
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: 3¢
: Step 1: Truncation
,_ I do not go through this in detail. Let T > 3 and imagine that
J'._' all economic activity stops after period T . A T-period equilibrium
::": is defined in the obvious way.

)
;'::‘_f: Step 2: List of Bounds
b In applying a fixed point argument, a number of bounds are used.
)

These are listed here ir order to show that the proof is not circular,.

;:: (4.1) H 1is any number greater than 1 such that for each i =1, ...,J ,
N HK., > N-1 , for some k .
AN jk
’“.
2 . _
_3 By assumption 3.10, H exists.
- Let B be as in assumption 3.7 and let \“’J.(e) = {y € Y].(S)H_\'k} < B,
M ] =
{ for all k} . Let n.(p,6) be the set of solutions of max{p-y|y € \'J.(e)} .
-:(.-:-: By assumption 3.7, ﬁj (p,8) < nj(p,e) , for all j and 6 .
V.\'.\
S ;
' (4.2) b = max(HAB( Nj) + 1, N+1) .
) j=1
oA
>
o (4.3) p=Nu + 1,
Y.
"__‘4
where u 1is as in assumption 3.2 and MS is as in assumption 3.4,
e _ __lc,l,
S (4.4) pp =1+ (1+MP) P>

X 8

‘h ". "
R
L)
W

where MP > 1 1is as in assumption 3.8, Cp is the cardinality of

¢ '.‘.l"- N -
-.'.r'_‘-.
)

)
=)

.
I

o
.

Y
.

- _ - T _
e (4.5) p, = (1 + max{NjKjk|J =1, ...,J and Ky > 0})|Cp|Bpp .
2%
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aui(x,e,s)

axk

for all n € Cc} . By assumptions 3.1 and 3.11, €5 is positive for

K€EC,6€¢, s€S,and 0 <x_<4|c_|b,
C = n-= C

all i and measurable. Let € > 0 be such that mes{ilei > 25} > % s

where mes denotes Lebesgue measure,
(4.6) = lmin(u £)
. P=3 u,e

vhere u 1is as in assumption 3.3.

4.7)

ol

= T +»B§b|cplm§x NS,
P

vhere B 1is as in assumntion 3.7 and 55 is as in (14.4)

(14.8) L, = wmes{ilk(i) =1} >0,

where w is as in assumption 3.17. That assumption implies that L, > 0 .

(14.9) R 1is any positive number less than p min(Ll(N-l), 1) ,

where p is as in (14.6) and N is the lifetime of consumers.

Step 3: Tax Functions

1 define tax functions depending on a parameter c¢ . If ¢ >0,
let t(W,c) =c. If c¢2>20, let t(W,c) = cW . The parameter c

will vary over [c,1] , where

(14.10) ¢ = -p|C_|b + 1,

where b and ﬁ are defined in (14.2) and (14.3), respectively. |
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Step 4: The Fixed Point Argument

Let q be any small number less than q , where q is as in

5 g
pp or

Py for k € Cur @ = (qg’ (qjm)j=1,...,J;m=0,1,...,Nj)’

A

CE .
(14.7). Let AEl = {(p,q,c)|p € R, P 2P if KE€C,, p,
<

all k € CP, Px

q_=Q, a9 = max(q, p-Kj), all j, g < Uiy < q, for all j and m, and

€ <c <1}, where p is as in (14.4), p is as in (14.6), and ¢
T=
q

ct(gt)) € Aﬂ’ for all t and Em} . To each (p,q,t) € &

T
S, ’

responds a T-period price and tax system (p, q, t(c)) , where

there cor-

‘rt(l\', Qt) = 1(W, ct(ﬁt)) .

1If (p,q,c) € Ag , let ET(i’t)(p, q, t(c)) be the demand of

. consumer (i,t) in the T-period economy. Since the prices of assets

gT(1,t)

and consumption goods are bounded away from zero, has closed

T(i,t)(p’

graph and ¢ q, t(¢)) 1is always non-empty. Since the asset

T(i,t) is bounded

prices and subsidies are bounded, the graph of ¢
uniformly in i and t . Here, use is made of assumption 3.18. The
proofs of these key facts are routine,

Let

(x,L,h) € TV o, a2 (e))

et g, 1 () = {(x,L,h,a)

and a = (at+n(2¢+n’ ;n)) , Wwhere at+n(2t+n’ gﬂ) =

-1 aui(xt+n(2't+n' én)’ et+n’ sn)
= PaX Pten k(2¢+n) ] '
KEC, , K
E(l’t) will also be referred to as a demand correspondence, even though

one of the components is the marginal utility of expenditure. E(l’t)

is again non-empty valued and has a closed graph which is bounded uniformly

....................................
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';.:_ in i . Assumption 3.12 implies that é(i’t)(p, q, T(c)) has measur-
’ able graph as a correspondence of i , p, q and ¢ . Hence,

-: é(i"‘) (ps q, t(c)) has a measurable selection
: 8 L) Gt L)y (gee Hildenbrand (1974), p. 54,

- Theorem 1.) Choose such a selection for each t . Let ':?t(gt) s ft(;f;',t) s
t B Jmt(e ) , and Et('g't) be the corresponding aggregates defined by
e equations (2.3), (2.4), (2.6), and (2.12). Next, let

' hOjt('evt) = min(H, —h_Ojt(-th)) , where H is defined by equation (14.1),
H and denote ﬁ'Ot(ﬁat) by HjOt('Q't) again, Finally, let

‘ R (@) = (e (80)) 5. e 01, and let (%,L,F,3)

‘ = (;t('g't)’ ft(gt), Ft('e%)’ Et('g't))Ll . Aggregate demand is

‘:: €(p, 9, 1(c)) = {(X,L,h,a) | (X,L,h,a) is obtained as above from measur-
-_ able selections from the correspondences E(i’t) (p, 9, 1(c))} . Since
the measure space of all consumers is atomless, & is convex valued.
_: (See Hildenbrand (1974), p. 62, Theorem 3.) Since the C(i’t) are

? uniformly bounded, the graph of the correspondence £ is bounded.

-,'.1 Since the correspondences g(i’t) have closed graph and are uniformly
:: bounded, & is compact valued and has closed graph, (See Hildenbrand
e

‘;i: (1974), p. 73, propositions 7 and 8.)

Next, let Z(p,q,c) = {(z, Ah, a) = (z (e ), Ah (6 ), e, (o ))t ll
there is (x,L,h,a) € £(p, q, t(c)) and for each j, t and 8, there is

* ;"t(gt) € ﬁj (pt(e ), 8 ) such that the following are true:

1) 2,(8,) = {hJOt(e K, - T 321 milhjm(e )';J. (&)
.- 2) &hy(8,) = (Ahjmt(e N o=y e (&) - Hj,m,t-1(~t-1))j=1,...,J,m=0,....\'1.’
\. and 3) a = ;} . (The symbol ﬁj (p,8) was defined just before equation
a (14.2).) I again is non-empty and convex values and has bounded and
SN

TN,
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closed graph on A;-.( Z 1is convex-valued in spite of the product

hy , which appears above, In order to see why, notice that if
0 <y<1, h1 >0, h, >0 and Y1 and y, are vectors, then
- -1,
th)l + (I'Y)hz)z = (th + (I‘Y)hz) [th(yhl + (l'Y)hz) )1
+ (1-Mhy(vh + =R, "Ny] )
Z maps into a Euclidean space. Let K be a compact convex set

in this space containing the range of Z . Let F : AT x K » AT x K

9 9
be defined to be F(p, q,c; z,A8h, a) = {u(p, a,c¢; z,8h, a)} x Z(p,q,c) ,
where 1y i§ defined as follows. u(p, q,c; z,45h, a)

= (B8 4y (8, & (8))1., » where

1) ﬁtk(gt) min(p, max(p, Pep (8e) *+ 21 (84))
2) Ape (8e) = Qs qut(gt) = max(q, pt('g‘t).,(j) , for all j,

(2{) + Ah (g¢))) , for all j and

3) qjm(ﬁ,t) = min(q, max(q, Uime imt
for m >1, and
4) ¢, (&) = min(c, max(1l, c,(8,) -, (8,) +1)) .

F is a convex and non-empty valued correspondence with closed
graph from a compact convex set to itself, Hence, by the Kakutani fixed
point theorem, it has a fixed point. That is, there is
(p, q, ¢, z, Ah, a) € A;'x K such that (p, q, ¢, z, 8h, a)
€ F(p, q, ¢; 2z, Ah, a) . Next, let ;Gt(gt) € ﬁj(pt(2¢’ et)) and let
the measurable selections (x(i’t), L(i’t), h(i’t), a(i’t)) from
E(i’t)(p, q, t(c)) be such that (z, Ah, a) is obtained from them
in the manner described above. Next let ijt(gx) = min(H, E}Ot(gt))xj
and ijt(it) = ’Ejm(g't)’;jmt(g() , for m>0. Let (yj) be the
corresponding production allocation.

I will show that ((yj), (x(i’t). L(i't), h(i’t)). (p> q, t(c)))

satisfies most of the conditions of a (1,Q) controlled equilibrium for

. - Y
------




&
v
L)
;ﬁ
AT
W

Ly

“»
*
e

. Ty

NN

A )

CalR

-

b e A TV A N VY

the T-period economy. Specifically, it satisfies all the conditions

in periods t < T-1 , except that there may be excess supplies of

stock,

Step 5: hj,m+1,t+l(2¢’ 6,41) S E}mt(ga) , forall j, m, t and

2 Bea -

That is, there is no excess demand for shares of stock.

The bounds on output and prices imply that the dividend from a
share of stock may never exceed d = B|Cp|§ . It now follows by back-
ward induction on the lifetime of a stock that no one would buy a stock
whose price exceeded d times the stock's lifetime. If the price
exceeded this number, money would be a better investment. But q ex-
ceeded d times the lifetime of any stock (see (14.7), and by the
definition of the fixed point map F , any stock in excess demand has

price q . Hence, one obtains a contradiction if a stock is in excess

demand.

Step 6: Supply is bounded by b , where b is defined by equation
(14.2).

By the construction of E , tht(Em) < H . Since stocks are never

in excess demand, h._,(8,)

mt e H, for m>0. If k is any produced

o HA

N
J
good, aggregate supply is jzl mglhjmtk(2¢)yjmtk(2¢) < Bszle <b .

If k 1is not a produced good, it is a kind of labor, and its supply

is bounded by N-1 <b . This proves Step 6.

(i:t'n)

Let dt ('Q‘t’ Eﬂ

) and E;(2¢) be the individual and aggre-
gate marginal utility of expenditure corresponding to the candidate

equilibrium obtained as a fixc  oint.
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Step 7: If 3¥(§¢) > 1, then for k€ C.» Xy (&) = 0 whenever

Pey (60) 2 P, where p is defined by equation (14.3)

Suppose that for some t and & > ut(gt) > 1 and that for somc
k € Cc , ptk(e )2 P and xtk(e ) >0, say for k =2 . I now show
that p k(e ) > (MS)'I‘ , for all k € Cc , where MS is as in assump-

tion 3.4, Since xtk(2¢) >0, there are (i, t-n) and ) such that

xgé’t-n)(QQ, $y) > 0 . Then, for all k€C_,
(i,t-n) .
1, )Bul(xt (&s 370 O¢s ) o (rtem) g )
Pek (& 5% S % 1’ Rp
(i,t-n) (i,t-n) :
_ 'l(e )3u1(xt (e ), 6> Sn) ) 'l(e i du, (x, (&> En)’ €er Sy
Pe2lRe ax, 2 PR 3X,,

where the second inequality holds by assumption 3.4. Therefore,
— hlA
P8 2 (B 7'p ,(8,) 2 ()
Because of the inequality just demonstrated, th: following is true

for all (i,t-n) and 5n ail’t'n)(e . En)

< ﬁgﬁ'lﬁ <N, vhere u

(i,t-n) N

du, (x; (8es 5,75 645 5.)

= max ptk(e ) ™
kEC, *x

is as in assumption 3.2. The last inequality follows from the choice

of p . Hence, Ei(gt) <1, contrary to hypothesis. This proves

Step 7.

Step 8: Tt(ﬁt) >c, forall t <T and for all 2¢ .

Suppose that ct(gt) =¢, forsome t and 2¢ . By the choice

of the fixed point function F , E;(gm) 21 . Each person of age

N alive in period T and event 6§, has after tax wealth of at least

A

-¢ at the beginning of the period. A person of age N spends all

his after tax wealth on consumption. Since there is a mass one of
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persons of age N and each spends at least -C units of monev, it
follows that at least -ICCI'IS_ is spent in the aggregate on some good
kK . Then, Eik(gx) >0, so that by Step 7, p,,(8,) < p . Hence,
;tk(gt) > -ﬁ-1|Cc|g >b , by the definition of ¢ (equation (4.10)).
Hence, by Step 6, there is excess demand for good k . Therefore, by
the construction of the fixed point map F , ptk(gm) equals ﬁé or
E; » both of which exceed p . This contradiction proves Step 8.
The after tax wealth of consumer (i,t-n) in period t is
(i,t-n)

R, (8 &)

WM s s et (g, s, ()

The corresponding aggregate after tax wealth is
N-1 1 .
R - (i,t-n) .
R (8,) = ) JE[Rt (8 5,18, 0d1 .
n=0 0
Step 9: For t < T, if Tz‘t(g,t) <R, then Et(g,t) >1, where R

is defined by equation (14.9).

R R (i,t-n) -
Suppose that R (8.) <R . Let Z = {(i,t n,sn)lRt (& s sp) SN

Then, mes Z > %N , Wwhere mes is the product of Lebesgue measure over

i , counting measure over n and the probability on 5,
Since prices of consumption goods are bounded, people always have
an incentive to earn wages (except in period T ). Since ptngt) >p>0,

the supply of good 1 in period t is at least (N-I)L1 , where L1 is

defined by equation (14.8). The demand for good 1 in period t and

. -1 = -1
event 8  is at most Pt1(2¢)Rt(2¢) <p R<L;(N-1) , where the last

inequality follows from equation (14.9). Therefore, there is an excess

supply of good 1 and pt(ga) =p .

(1 pt‘n)

. -1,.-1
If (i, t-n, 5,) € Z, then Xex (8» 87) s 2p N

R<1,

for all k , where the last inequality is by equation (14.9). Hence,

1

R: .




......................................................

(i,t-n)
au, (x;.7° (8 s ) .
. . - = i7"t ~’ An (i,t-n)
. by assumption 3.3, ™, >u and so a, (%45 5

)

-1 R -
P u>2. Therefore, ut(

v

&) 22mes Z>N>1. This proves Step 9.

Step 10: Tt(§¢) <1, forall t < T and Qt .

t ) =1, then by the definition of the fixed point map
F, o () 1. But if t.(g) =1, then it(g,t) =0, so that
by the previous step, E}(gt) > 1 . This contradiction proves Step 10.
Step 11: o, (g8,) =1, forall t <T and 8 -

This follows immediately from Steps 8 and 10 and the nature of

- the fixed point map F .

Step 12: ptk(gm) >p , forall k€ Cc and for all t < T and §¢ .

I will prove that if ptk(gt) =p, for some k€ CC , then

Ekn(gt) >b , for some n € C_. This assertion proves Step 12, for

if tn(gm) >b , then by Step 6, there is excess demand for good n ,

so that p. (8,) equals ﬁf

) =1, it follows from Step 7 that X n(8e)

or p, , both of which exceed p . Since
at(2¢ = 0, which is a
contradiction,

Suppose that ptk(2¢) =p, for some k, say for k=2 . Let
(

i,t-n)
du, (x, (8es 5,05 04s Sp)
ax2 *

(i:t‘n) -
,sm) 2 m (2¢’ _§n) » SO that p = Ptz(flt)

For all (i, t-n, s ) ,

mgi,t-n) ., éﬂ) = » R

P8 ol M (g,

N-1 (1 .. . .« N-1 (1 .

=p,,8,) ]} Is[a(l’t““ (6., s )6, 1di > Is[m(l’t‘")(e , s )le.1di .
t20ke’ 2o ) P Rg? Ry 1910 2 nZO ot 20 80) 19

. i,t- 1
Hence mes{(i, t-n, En)lmgl’ n)(2¢’ En) < 22} 25, where mes here

refers to the product of Lebesgue measure over i , counting measure
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on n and the probability on s_ . Let €5 and ¢ be as just before

~~n
equation (14.6). Finally, let < = {(i, t-n, Nn)lm(l’t-n)(gt, 50 2o
and €5 2 2¢} . Then, mes - > 1/4 , by the definition of € . Since

p <g, it follows that if (i, t-n, sn) € 2, then

(1 t- n)(e £

Xk » 8) > 4|C |b , for some k € C. - Hence, for some k ,
mes{(i, t-n, s )]x(1 21 (g » 8,) > 4lc b} > (4]Cc[)-1 . Therefore

xtk(2¢) >b , as was to be proved. This completes the proof of Step 12.

CE
Let zt(gm) €R be the excess demand vector for period t andevent

Qt corresponding to the candidate equilibrium obtained from the fixed

point., The definition of 2z (€ ) 1is contained in the definition of

t(Nt
the map Z(p,q,c) .

Step 13: For all t < T and all §¢ s Zt(gt) <0 and pt(gt)':t(ﬁt) =0 .

Fix t and gt . From the previous step and the nature of the

fixed point map F , it follows that Ztk(gm)

nv

0, for all k € Cc

Let C, = {k € Cclxtk(ﬁt) >0} . ByStep 7, pg,(g) <p, for

k € G -

I now define sets of commodities Cn , for n=1, 2, ... . Sup-

post that C  has been defined, for n 2> 0 . Let C = C, U {k € CE|

n+l

for some j, ?;Jk(e ) <0 and thm(e ) > 0, for some m € Cn} . Since
€, ©Cp,p » forall n, it follows that C =C _;, , for n> |Cpl

It follows from assumption 3.8 and by induction on n that if

k € Cn , then ptk(e ) < (MP) p . Hence, for k € CIC | »

Ic, 1,
ptk(e ) £ (MP) P's P < m1n(p s p )} . The second inequality follows from

equations (14.4) and (14.5). Hence, by the nature of the fixed point
map F , ztk(2¢) <0 and ptk(gﬁ)ztk(§¢) =0, forall k€ C|C |

. . . |
I now show that ztk(ga) <0, for k€C = Cb\CIC | - Let

W e e e e e e e
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Jr = {jlyjyk(gm) < 0, for some k € C'} , If j € J*, then yjtm(imw

for all m€ CIC l UC, . Therefore, for j € J', pt(§¢)'?i (%

t"'t)

< ké%'ptk( )3 th( ) . If X €cC' and

since ztk(gt)

Ztk(gt) <0, then Kk € CC ,

nv

0, for all k € Cc . Hence k € C' and :tk(gm) <0

imply ptk(§¢) 0 , since zero is the lower bound for prices not in

Cc . (I have here once again used the nature of the fixed point map F .

- 3 ] =
Hence ké%'ptk(gt)-tk(gmw 20. If jEJ', then y;,(8) 20, for
all k € C' s, by the definition of J' . Therefore, for k € C' ,
"
21 (&) = -JZI Sex(&e) S -jéb.yjtk(2¢) . Finally, since © € Y,(5) and

since th(ﬁc) € nj(pt(gt)’ et) , it follows that pt(gc)'yjt(gt) >0
for all j . In summary, 0 ¢ Py (& ).\ (&) 1
jeJ! jeEJ' kel

- 1P (8):,(5) <0, sothat ) p.(8)z,(8) =0 . Hence,
= er thiTtkRed = KECr Tk~ Ttk e

nA

for k€ C' , k(v ) £0 and ptk(e )“tk(e ) = , and so the same
statements are true for all produced goods k .

Now suppose that Kk € Cw\(Cc v CIC l) and that t < T-2 . Then,

either ztk(2¢) <0 and ptk(gm) =0 or ptk(gm) > 0 and for some
i thk(2¢) <0 or JOt(e )K >0 . Suppose that p., (8,) >0 .

If yjtk(gt) < 0 , then since profits are non-negative it follows that

yjtm(et) >0, for some m € Cp . Then, by assumption 3.8,
lcple1, _
Py (8,) = OP)p. (8,) < (HP) P<p,. Thus, z,(8) =0

Dividends are bounded by T = |Cp|Bpp . Therefore, if h. e (8 ) >0,

it follows that pt(2¢)°Kj < Njn , SO that ptk(gm) < K. k\1r <P, -

(The strict inequality follows its definition of 5; in (14.5).) There-
fore, ztk(2¢) = 0 in this case as well,

The case Kk € (Cw n Cc)\clc | remains to be considered. Since

N NN NN st S o L = e e e et s
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k€C 0 . Also

HV

2., (5 X, (8) = i N .

c tk(~¢) Atk(hm) 0, since k € C0 Hence,
if zthgt) >0, it follows that good Kk is used as an input into
e production or as an investment good, and one may repeat the argument

just made. This completes the proof of Step 13.

. 5 -
Step 14: ﬁ}Ot(e ) <H, for all j and all t < T-2, and all 8 -

This says that the demand for new investment equals the supply.
Recall that in defining the candidate equilibrium, the supply of new
capital was restricted to be no more than H .

I now prove Step 14, By assumption 3.9, Kjk >0 only if k€ G, »
where C_ 1is the set of kinds of labor. The supply of any type of
labor is at most N-1 . Since markets for goods clear in periods before

T, &, )k <N-1, for t <T . By the definition of H (equa-

JOt
tion (14.1)), tht(Qm) < H . This completes the proof of Step 14,

I have now shown that in periods t < T , all the conditions of
a (1,Q)-controlled equilibrium are satisfied except that there may be
excess demand for shares of stock. I now proceed to obtain some bounds
that are independent of T and q .

<.

Step 15: For each t , there is c_ <1 such that c_( ¢

t £ (&)

HA

for all g, and E; is independent of T and q .

Let W’(et) be aggregate before tax wealth at the beginning of
period t in the T-period equilibrium, Wealth can be money or stocks.
. Since government bonds are one period bonds, their value would show up

as money at the beginning of a period. Stocks are bounded in value by

QIi.Z (Nj +1) . Let ”t-1(2¢-1) be the aggregate value of the money

PR R A N !'.!..-‘-"'_~..
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:::’.::: held before taxes at the beginning of period t . ﬁt-l(it-lw can in-
{ crease only from interest in the government debt, from subsidies and
::j} by the value of the excess supply of stock. The interest rate is
:T:.-';:' Tr = Q-1 -1 . The value of the subsidy is bounded by -c . The value

; of the excess supply of stock is bounded by gqH Z(N]. +1) . let m

j o

' solve the difference equation m,; = (I+x)m - ¢+ qH Z(A\'i +1) ,

' j o

\ -— —

with m = th + MO being given by the initial conditions of the model.
Then, ‘.\’t('g’t) S v z Hq%(_\'j +1) + By Let C, solve (1 -ct)wt = B,
::ff.t where R is defined by equation (14.9). By Step 9, if ¢ (g,) i'c-t ,
s then Et(gt) , which is impossible. This proves Step 15.
o
XS Step 16: For every B > 0 , there is an ¢ > 0 , independent of T
Eay
j:)-: and ¢ , such that for all t < T-1, and for all g, ,
‘ ey Bu.(x(l’t—n) (e s S ), 0., S )
. d . . 17t ~t’ ~n t n .
N mes{(l, t-n, s )| min < s} < g, where
AP ~N . 9X = =
o keC k
e <
~:::-:j mes 1is the obvious measure on [0,1] x {0, ..., N-1} x {sn} .
‘-'.j-: Let B > 2|Cc|bs'1 , where b is defined by equation (14.2).
N
:::: aui (x,0,s) CC _
\:-. Let € = mf{ axk k € Cc’ XxX€R ", X, £ B, for all n € Cc’
@ €0, and s € S} - g is measurable as a function of i and is
:;I:‘\-. positive, by assumptions 3.1 and 3.11. Let ¢ > 0 be so small that
::'j', rns:s{ilei g €} < B/2N . Suppose that for some t < T-1 and some g, ,
‘ the inequality of Step 16 were false. Then,
DA . i,t-n
e mes{(i, t-n, En)|x£k’ )(Qt, En) > B, some k} > 8/2 . Hence, for some

-~ .

" . . (i,t-n) = -1
“ Kk, mes{(i, t-n,gﬂ)lxtk’ (8, » s,) > B} > e(2|Cc|) , so that

- - -1 - . )
A X (&) 2 Bs(Z[Cc[) > b . This contradicts the fact that markets
- .
'{-:.} for goods clear and that no more than b of any good may be supplied.
2o
Y This proves Step 16.
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Step 17: For every & > 0 , there is an ¢ > 0 , independent of T

and q , such that for all t < T-1 and all 21 ,

: _ (i,t-n) \
mes{(i, t-n, §n)|at (&pr &) s €t 6.
(i,t-n)
(i,t-n) du, (xy (8rs 3,0 Bps 5y)
If o (6., s.) <e , then max
t ~t’ A~ o= X axk

< max(fe, p,Je , where EE and p_ are defined in equations (14.4)

and (14.5). Hence, Step 17 follows from Step 16.

Step 18: F?r _t < T-2 , there is a positive number fy <= inde-
pendent of T and q , such that for all j ,

95,me1,t41&e2 Bray) S ptqjmt(gm) , for all i,

m

nv

1, g and @ . Similarly,

194 t+1 951,641 @ Erar) £ 2¢%500 &) o

for all 3 , Q¢ and 6t+1 .

That is, there is an upper bound on rates of return on investments,
At the beginning of each period t < T-1 , there is a population
of at least L1 of consumers of age N-1 who have provided good 1
in the previous period and so have before tax wealth at least p .
(It is here that I use the assumption N > 2 ,)

The marginal utility of money of consumer (i, t-n) in period

s.) . The marginal utility of moncy

. . 4 (i,t-n)
t is denoted by At ’ (gm, Sn

may exceed the marginal utility of expectations if the person does not
consume but only saves or invests his money,
By the previous step, there is e > 0 such that for all t and

mes{(i, t-n, En)lagl’t-n)(gx, 55

8

} <L 2("| S )'1 where
2t € < Lyn Le of|s] ’

HA

n 1is as in assumption 3.16.

Fix t <T-2 and 8, . Yet Z = {(i, t-N+2, s, l“(l yt- rw..)(e ’

~
(i,t-N+2)
G4l (6., 6

Sx-0)

2 p and tel? SN-2° sN-l) >e , «all 841 and SN-I} ,




(1,t-N+2 . . . -
where hil’t *2) is defined by equation (2.8). Then, mes I > %LI ,
where mes here refers to the obvious measure over [0,1] > {S\-1: .

Since a person spends all his money in the last period of life,

(i’t'r\"'-)
we have that At+1 (e, et+1, Sn-2° SN-I)
(1 t-N+2) -1— ' - . )
Gril (et, et+1, 2 sN-l) <p u, where u is as in assump-
tion 5.2 and p 1is defined by equation (14.0).
Let > Lo oy W maxl, 671, 20 - Y.l % N, o1
e pt (RTTE) ( -Ct+1 Q ’ ’ ( -ct) ].R J:l(:l

Here ¢, and ¢

t t+1 Aare as in Step 15.

Suppose that the inequality of Step 18 is violated at date t and

in event §¢ by some stock (j,m) and event 6t+1 . Denote Jmt(h )
by qp(gy) and 7w (P (&), 6.) * G5 nuy pa1(8es Bgup) DY
Qt+1(2¢’ et+1) - If m=0, let Q'c+1(9 ’ et+1) B qjl,t+1(6 ’ et+1J )

Then,  Qu,)&es €pup) > P09, (&) -

If (i, t-N+2, §N-2) € 2, then
(i,t-N+2)
(14.11) lt (Qt’ S,. ) > (1 - t+l)p dne .

I now show that consumers in Z do not buy government bonds in

period t and event gt . Suppose that hét st V*“)(e s._’) >0,

for some (i, t-N+2, ) € Z . Let Cy (e )} = max(0, Cy (e }) . Then,

(1-cl, (8, t+1))Q p! ‘“”*2)(

so that Pe S (ane) u , contrary to the definition of Py » Thus,

Sn.2) 2 (mcg, (@ Bpupdegtne

no bonds are bought. A fortiori, no money is held as an investment

from period t to t+l .,

; . (i,t-N+2) .

Next, I show that Xy (e » Snep) T if
(i, t=N+2, SN-°) € Z . Suppose that xEl’t rw")(e 1) >0, for
some (i, t-N+2, EN-Z) € Z . Then, by (14.11), (1- Cs l\cténe

i, t-N+2 -1-
) = Q.‘(Cl’t )(,Q,ts 2«_2) p uw, or
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- -1 -1 s
- 8 ,
¢ S (Q-c ) "(épne) "u , contrary to the definition of ¢, .
I now show that if a consumer in I buys a share of stock at time

L t and in event Q¢ s

then the price of a share is bounded above by

n - -1 -1-— . .
q=(1 'Ct+1) (ptEns) qu . Let v be the price of the stock in
question. We know that the sum of the dividend in period t and price

in period t+1 is bounded by q . Hence, if a consumer

(i, t-N+2, sy ,) € Z buys the stock, we have that viig plus

(i,t-N+2) - N . .-
; RN ’ (Qt’ 2&-2) > Q1 - Cp,p)08ne This implies that v <q .
:i: In period t and event §¢ , the consumers in 2 spend all their

money on stocks. The price of any stock they buy is at most q . The
_J

total supply of shares is at most H X (Nj +1) . Hence, they spend
j=1

at most ﬁﬁ'Z(Nj +1) on stocks. But their wealth is at least

J
1 - . A . 1 -
5(1-T)Lp . By the choice of p ., df g(hj +1) <51 -c)Lp ,

so that there is an excess demand for stocks. This contradicts Step

5 and so proves Step 18.

Step 19: Allow the horizon to go to infinity.

Fix q >0 . For each T, Ilet ((y}), (x0T T,y

(pT, qT, r(cT))) be a T-period equilibrium as obtained by the fixed
point argument of Step 4. The vectors ;gt(§¢) , EI(Qt) R if(2¢) ,
ﬁ:(gt) s pz(gt) s qz(gm) and the number CI(Qt) corresponding to
these equilibria are bounded for each t . Hence, by a Cantor diagonal
N argument, one may obtain limit vectors and numbers corresponding to

el T = » , Denote them as above but without the superscript T . By the
generalized Fatou's lemma, there exist (x(i’t), L(i’t), h(i»t))

€ g(i’t)(p, q, 1(c)) , which are measurable with respect to i and

such that the corresponding aggrega -.> are (X, L, hy) . (See

t’

....................
---------------------




Hildenbrand (19 ), p. 73, proposition 8.) Then,

( ((yj), (x(l’t), L(l’t), h(l’t)), (p, q, 1(c)) satisfies all the con-
aN

i;‘ ditions of a (1,Q)-controlled equilibrium except that there may be ex-
i:? cess supply for shares of stock. Also, all share prices are at least

q and the rate of return from buying a stock in period t and holding
it one period does not exceed Py -1.
Since the arguments proving these facts are standard, I do not

give details.

.i:

%S Step 20: Allow q to go to zero.

S

{%‘ Once again, 1 apply a Cantor diagonal argument. Since the rates
-

i;; of return on stocks and wages are bounded, the wealths of individuals
é;; at any fixed time are bounded. Hence, purchases of goods are bounded
{" If the price of a stock converges to 2ero as ¢ goes to zero, an in-
;;; dividual's purchases of it may diverge to infinity. However, the aggre-
o

gate purchases are bounded by H . Since the Cantor diagonal argument

a
4 LI
Y

is applied only to aggregates and prices and input-output vectors, this

ax

o

argument may be carried out. Let the limit objects be denoted

1

.j; ;jmt('g't) » X @) 5 LRy 5 Bi(8) s P(8)  ap(g) . and c.(g) .
i Call this the limit array.

:si I now cannot apply at once the generalized Fatou's lemma, for the

-%ﬁ individual demand correspondences are discontinuous at stock prices

g: equal to zero. However, it is possible to take advantage of the bound

CA0

-,

on aggregate demands for stocks in order to pass from the aggregate

%5

<

ﬁﬁ limit demands to individual demands.

i‘ First of all, I modify the limit aggregate holdings of stock,
e

S . _ . )

R Rime (&) » by setting T, o () = 0 if q;,.(8) = 0. Call these
~p

‘V:

[

s &% %
o
P -

.t

[y

e e e e e .- e e e e e
R SRR . . . AN . . .
b o LA PG - * \
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modified holdings hjmt(gm) again,
Observe that because of the bounds Py -1 on rates of return,

if a stock ever has price zero in the limit array, then it has price

zero and earns no dividend in all the succeeding periods and events.

o Now fix attention on one generation, say on that born in period
P!
[\~ . . . .
P one. For simplicity, suppose that only one stock has price zero during
e _
ny their lifetime and that there is a single initial date and event, t

and E? » at which the price is zero. Once the argument is understood,
.o in this case, it will be clear how to proceed in the general case.

Let the name of the stock be (j,m) in period t . Let q.(8,) be

-f, the price of the stock in each period and let “t(§¢) be its dividend.
;:j Then, qt(2¢) = nt(§¢) =0, for t>t and Em equal to or follow-
ol ing E& . Let qt(gm) be the corresponding stock prices in the kth
"' .

L equilibrium of the Cantor subsequence and let ht(l’l)(gm, Et-l) be
o
:i; the individual demands in this equilibrium. Let Eﬁ(gm, Ec-l)

YA
i (kG . \

, = 0E[ht (84 s st_1)|2¢]d1 . Let t' be the last date the stocks
:::-'.:f . . . . = k - .

,.? in question exists. Finally, let bk = H max{qt(§¢)|t <t <t', Qt
b _

;ﬁ: follows QE} .

‘(-'-.

- =X =

n We may assume that ht(2¢’ Et-l) converges, say to ht(gt’ §¢—1) .
ﬁ}:: Observe that 1lim bk = 0 . By passing to a subsequence if neces-
P ke -

o sary, one may assume that lim ) hbo=0.
ot K+o k=K i
L . -

f:j Let Zk = {(, 1, so) for some t > t and for some §¢ equal to or
= N . k k(i,1)

o following 8+ and for some s, following s, A (Bdhe 7T (8 S0o) /5;}
,Eh% In order to obtain a bound on mes 2k , nhotice that

4 k % . k k(i,1)

;;,'.;-_, by 2 4 (8P (& 8,_1) 2 b mes{(i, 1, 50 0ag (800 "7 (8, £e.y)
:ﬁ: > Aﬂ:} . It now follaws that mes i S A/F; , where
e =

o~
S
>,
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)
P BN
« e

N2 t
A= 7 (nClslleD
t=t

(-]

Let ik = UZ_ . Then, mes ik <A Z /S; , so that limmes - = 0 .

—

:: n=k n ke i
. Define the sets K by induction on n as follows,

Ky = {1, 1, sp) |G, 1, s) €2,) . Given K, K ., =2IS2 .

The sets Kn are mutually disjoint and mes U Kn = mes{(i,l,so)[i € {0,1],

n=1
So € S} =
I now apply the generalized Fatou's lemma on each of the sets

% K . If (i, 1, sy €K , then for k > n (g0 hE o g
Y n ° » 40 3 n’ R qt $00 2oy
; < JE; , forall t >t and for 8 equal to or following EE' and
' for all s, , .
i Let 5k(1’1)(p,q,r) be the demand correspondence for consumer
i (i,1) with the added restriction that qJ mem, t+m(2¢+m)
: .hj,ﬁ¥m,fim(gf4m’ Stam-1) = JE; » for m=0, ..., Nj -m and for
<
d 6— following 6— Let Ekp(i’l) be the correspondence obtained
o~ ~+m g - P
’ from Ek(i’l) by setting h, ) = for
N j,m+m, t+mL~t+m’ Rtam-1 ’

m=20 N.-m and for 6-— following 6-— Let Ep(i’l) be
tl ’ I..’ j %+m o % .
X obtained from 5(1'1) in the same way. (The " P " stands for 'pro-
:' jection.')
v If (4,1, ;6)6 K,, thenthe demand, xk(l’t) , of (i, 1, Eb) in the kP
_f equilibrium of the Cantor sequence belongs to Ek(l’l)(pk, qk, r(ck)) s
o for k >n . (More precisely, the part of consumer (i,1)'s cemand
- conditional on s, = Eb would belong to a demand in
i gk(l’l)(pk, qk, r(ck)) .) It is easy to see that the limit points of
: P D X, gk, 1) betong to ¥V, q, 1()) , which is
3 .
- in turn contained in 5(1’1)(P, q, t(c)) , where p, q and c be-
2 long to the limit equilibrium.

s "8 %" a"a . a . ‘. - .-.: ..... '- .' _. . ._-‘4~ ‘4..:..._;4
o ‘.-L.- .rf.r".«'.“ O -*.n. A N T N e
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Now let xk
nt

(

. (Em’ §¢_1)d1 and make similar

- k(i,1)
S0 %)) * Jx X

n

definitions for the other components of consumer demand, except for
the demand for the stock in question on and after date t and event
Eé—. By passing to a subsequence if necessary, it may be assumed that

. k .
iiz nxt(2¢’ §t-1) = nxt(gt’ §{_1) exists for all n, t, 24 and

Seo1 and that similar limits exist for the other components of con-
sumer demand. Individual demands for all commodities are uniformly

bounded, except for the demands for the stock in question., It follows

that there is some number D > 0 such that

(14.12) X

k
nt

(ﬁc’ §¢_1) < D mes Kn , forall k, t, Q¢ , and Sp-

o

Also, Z xk(e ,

_ .k
Ln + (&t §¢_1) = xt(§¢, §¢-l) Because of (14.12), this in-

-]

finite series converges uniformly in k , and so nzlnxt(ﬁm’ §¢_1)

= X, (&, 8,_y) . Similar arguments apply to the other components of

consumer demand,

By the generalized Fatou's lemma (Hildenbrand (1974), p. 73, pro-

k, T(Ck)) and to gp(i’l)(p,

RV cIY

position 8) applied to Ekp(i’l)(pk, q q, t(c)) ,

for each n , there is a measurable solution h(l’l))

P,

(1,1 .

from ¢ q, 1(c)) c & q, t(c)) such that

(i,1) .-
JK X, (Qt’ ét-l)dl = nxt(ﬁa' Et-l) , for all ¢t , [N and Se-1 -
n

This defines consumer demand in the limit equilibrium for all

(i, 1, so) € U Kn . Since this set is of full measure and the indi-
n=1

vidual demands aggregate to the limit aggregate demand, we are done.

After this operation has been applied to consumers born in every
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period, there is no demand for any stock of price czero. There might
be an excess demand for these stocks, but this does not contradict
the definition of equilibrium,

Q.E.D.

15. Proof of Theorem 4.2

The outline of the proof is the same as that of the previous one.
I truncate the horizon, obtain a finite horizon equilibrium, calculate

bounds, and pass to the limit.

Step 1: The Reduced Economy

In this proof, I take advantage of the fact that asset pricing
formula (10.1) must hold in equilibrium. This implies that consumers
are indifferent to their portfolio. They would be just as glad to buy
only insurance. So, 1 eliminate all securities from the consumers'
domain of choice until the end of the proof. In order to do so, I
define a reduced economy in which consumers buy only goods and insurance
and in which the production sector is entirely autonomous from consumers,

Let p and v be a commodity price system and system of insurance
premiums, respectively. These imply asset prices q by formula (10.1).

Call these the derived prices. They are defined as follows.

qgt(gx) = . 2 Vt(ga’ et+1) . Stock prices are defined by backward induction
t+l
on m, the age of the stock. Ay ¢ (&) = ) Ve (g, et+1)"j(pt(2¢)’ 8,) .
] 0
t+l
Given qj,m+1,t+1’ qjmt(gt) = ez vt('g‘t’ et*l)(qj,m*l,t*l(i‘t’ et*l)

t+l
+ “j(pt(gt)' et)), if m>0, and

9oe (&) = ei Vel 81,0010 Bra)) - J
t+1
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Consumers are restricted to reduced allocations. A reduced allo-

-
.

% % oy
PR

cation for a consumer is of the form (x,L,a) , where (x,L) 1is a

resource allocation for the consumer and a is a non-negative insurance

Fox

N allocation (that is, a,(8,,1) 20 ).
I now define wealth witﬁt) and investment money balances Iii;t) .

Let (p,r,t) be given, where p is a commodity price system, Vv is a
system of insurance premiums, and Tt is a tax system. Let q be the
derived system of security prices. Finally, let (x,L,a) be a reduced
allocation for consumer (i,t) . The definitions of wealths and balances

are by inductionon n . If t >1, ng’t) =0. 1if t <1,
J M

(i,1) = pli,t) (i,t) .
hl (61) = MO . a; (el) + jzl mzoqj,m+l,l(el)hjm0 . Suppose by

induction on n that ng;t) has been defined. Then, investment money
balances are

(i,t) _ e(i,t)
(A5.1) I 0" Crune &) = %iin Grane S0-1)

* z Vt+n(2¢+n’ et+n+1)pt+n(2¢+n)Lt+n(2¢+n’ En)wi,t+n(§n)

t+n+l]

8

t+n+1)at+n(~¢+n’ ®

- 0 ) Veen@tuns © t+n+1)
t+n+l

wlt)

- P tenWean  @een 2ten)’ Leen

X (o

ton&een) XeanQeen) - 7

) .

Notice that it is assumed that the consumer sells insurance on

his end of period wages. Thus, his insurance allocation includes these

(G,

wages, Given, t+n s

beginning period, before tax wealth is

(1,t) - (i,t)
wtﬂ’1+1('E~"t+n+1’ ) = at+n(§¢+n+1) *len (2¢+n’ ) -

B L T e LT A i N R
Caad et et e N e L T N N N L
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.
9 Because wages have been sold, they are not included in the formula for
{ wealth,
L~ The budget set of consumer (i,t) is
a
. (i,t) - :
] (p,v,t) = {(x,L,a)|(x,L,a) is a reduced consumer
“
N allocation, feasible for consumer (i,t) and
.
2 (d,t)
és t+n (21+n ) > 0, for all n, 844n and én} .
0 By maximizing utility on this budget set, one obtains the reduced derand
j correspondehce' 5(1’t)(p,v,1)
-
A vector of initial investments is a vector (hiO) = (h 10t(e ),
Q where j varies over 1, ..., J and t varies over integers at least as
.\ .
I~ - R - -~
- large as -kj , and where tht(§¢) >0, forall i, t, and ¢ ¢
The vector is said to be feasible if for t < 0 , 10t(8 ) = J,-t 0’
0 where 53 -t,0 is given by the initial conditions of the model.
A% . .
3 A reduced equilibrium consists of ((v ), (hJO)’ (x(l’t), L(l’t),
- a(1 t)), (p,v,t)) such that
’ (i,t) ,(i,t)\, . . X
y 1) ((yj), (x s L )) is a feasible resource allocation,
4
‘ 2) p, v and 1 are a commodity price system, an insurance premium
. system and a tax system, respectively,
;i 3) (hjo) is a feasible vector of initial investments,
. 4) ijt(Qt) = JOt(e )Kj , all t and et ,
5) Yime (@) = M50, t-m(Ct-mVjme (&) » Where met(O ) € n;(pe(Q)s 0)
- forall j, m>0, t and g¢ R
;: 6) qut(gm) < Pt(gm)'Kj , Wwith equality if hJOt(e }) >0, for all

j, t and 6 where is the derived stock price, and

L 9ot
7) (x(l’t), L(l’t), a(l’t)) € g(l’t)(p,v,r) , for almost everv i and

]

all t .

-

Y
R
'
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Step 2: Passage from Reduced to Ordinary Equilibrium

I now define what I will call (G,M)-balanced budget, reduced equi-

Y CAL ™ D

I
APNTAOELS

librium and show how it may be transformed into an ordinary balanced

budget equilibrium.
tet (v, (hyg), (x(1®, L0 by v 00y be a reduced
equilibrium with derived security prices q . The after tax wealth of

consumer (i,t) in period t+n is

Do i)
4 o

- WAL (i,t)
)
(15.2) W™ (8, 500) = Woun Ceans Snot)

Q
L)
sy

R AT ) .

~t+n’ -1)’ 2¢+n

BENAA - ! IR

The corresponding aggregate wealth at time t is Wi(gm) . The after

tax aggregate money supply in period t is

(15.3) H(g,) = Fh(s,) - 21 Zqu 2150, t-n8e-m)

I define the aggregate excess demand for insurance in period t to be

(15.4) 83 (8, 1) = 38, (8,,;) - [P, (8,)T, (g,)

ﬁ"‘%w)'e)iHOtﬁem)
N

le mz qu t#l +1)hj0,t"m+1(2't'm+l) + G]

where E; is the aggregate corresponding to the insurance allocation

(a(l’t)) . A (G,M) balanced budget, reduced equilibrium is defined to

be a reduced equilibrium such that

e R R s W T ISR SR T R e L T R T
NN T rﬁ'.r.'r_‘al'}f{-"'f_‘.-._ T, J‘L-‘:‘(‘ e - O SN I AP : .
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- —A
A =
3 (15.5) Mt(gm) M, for all t and ¢ and

l;. (15.6) Aat(2¢+1) =0, forall t and §¢+1

Given a (G,M) balanced budget, reduced equilibrium as above, one

obtains an ordinary (G,M) balanced budget equilibrium as follows. Let

.;' .‘; ..‘-.-In l

(i,t) -1 (i,t) _ -1
hg,t+n(§¢+n’ En) = NG and let th t+n(2¢+n én) =N th,t+n m(2¢+n m ’
for all 3, m, (i,t) , n, 8 and s_ . That is, evervone has
At +n An

;;ﬁ the same porfolio. Let

X 2(1,1) (1 t) (i,t) 3 ~
e 3ten (~¢+n+1’ én) (2¢+n+1’ Sn) - pt+n(~¢+n)Lt+n (~¢+n R+ nt‘q
".s N.

Y

o N

<. N [.z “i(pt+n(§¢+n)’et+n) th,t+n-m(gt+n-m)

-_. J=1 h m:l

-
» le mzijm t+n+l ~¢+n+1) jo,t+n+l1- m(§¢4n+1 m) + 6]

>

4 . . . .

. Then, ((vp), (x1®, L0 p(L8) 3ty v 0) forms a (6,1
.. balanced budget equilibrium.

X

s The rest of the proof demonstrates that a reduced (G,M)-balanced

..

2 equilibrium exists.

v Step 3: Truncation

-

X The truncation at time T is carried out just as in the proof

: of Theorem 4.1.

-

- Step 4: The Tax Function

o

~ The tax function <t(W,c) 1is defined just as in Step 3 of the proof
_-.‘ Of Theorem 4.1.

)

e

“

.,
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Step 5: List of Bounds

Let H be as in (14.1). Let
(15.7) B =1+2L7' M+ [o]6) ,
where L1 is defined by equation (14.8) . Let

C
(15.8) P = ((1 + (M) PHMS + 1)p

where MP is as in assumption 3.8 and MS is as in assumption 3.4.

Let

(15.9) 7 = |cp|B§ ,

where B is as in assumption 3.7. Let

(15.10) q = 7(1 + max Ni) .

j

-1 .
Let B, =1+ max{Kjlejk >0,j=1,...,J, k€C}. Let
(15.11) Ew = max(p, Bla) .

Let

(15.12) B, = [N-1+ (2 +max NJ.)(NBI +H ZNJ.) lcpls][u + (MP) IS +1)
‘ j j

Let

(15.13) c=1 - %M[mm;wm(%zaﬁzuj]‘l i
3

Let

...........
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1, .
(15.14) p, = (E!cclb)‘l(l-aminj (M(()l”“l) +aé1"\'1)(el))di ,
2 s Jo
{ 1

where Mél’x'l) and aél’h—l)(el) are given by the initial conditions

o and b is defined by equation (14.2).

q It will be shown (Step 14) that the € and €y defined in (15.15)
“

o and (15.16) below exist.

(15.15) The number El > 0 1is such that for any t-1 and gt_l s

! 1 -1 _ X . L
mes “t-l(st-l) > 7L1 s, Wwhere ‘t-lQ~t-1) = {(1, t-N+2, EN-S)‘

k(i) =1, wl,\-S(éﬁ-S) = 1 and
i,t=-N+2 .
% i G % O Ses Snee Sher)e frar SN-1 ]
T X 1’
) k
.
0 for all €00 Brapr Sxoas Sxno1 and for all k € Cc} ,

‘}j where L1 is defined by equation (14.8) and mes is the obvious meas-
ﬁ ure on [0,1] x {§N-3} .

- (15.16) The number €, is such that for any t and 91 ,

E mes 23(8,) > 3L, , where Z2(8,)

ﬁ = {(i, t-N+2, §N_2)|k(i) =1, wi,N-ZLEN-Z) = 1 and

3 3 0t P s s sngr Sup)s O Slp)

>€y s

9%y
for all et+1 and Sno1 and all k € Cc} .

) LSl

o« 0

I now define lower bounds v, and Py by induction on t . Equa-

tion (15.14) defines p; - Suppose that Pys +++s Pe and Viv cees Yoy

H:I L}

have been defined,

‘
+

Y
v
-
LY
“
o
4
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-1ty e (N6 (1= =P T)"Y, &n’e. (1-T1°
» P2 by Be1®y P ’ 1

(up)” Yool min(p_tdnel(l-a (U)-l, Et_ldne

.(2[@[23Elcclb)"l(l-_c')sLl) ,

where € is as in definition (15.15), 82 is as defined by equation
(15.12), n 1is as in assumption (3.16), & is the discount factor on
utility, ¢ 1is defined by equation (15.13), u is as in assumption

3.2, MS is as in assumption 3.4, and L, 1is defined by equation (14.%.

Now suppose that Pys «+e» Py and Vis eves Yy have been defined.

(15.18) p,,, = ip, min(ene,(1-9F "} [y, 1-ena 11 1°

—_ -1 -
-(ZIGIMS]CC|b) (1-e)L;)

J
(15.19) M=-[M+ 1 +qH ) N.]
— j=1 J

Step 6: The Fixed Point Argument

I first define a domain for prices, then I define demand and the
fixed point map.
The domain of prices and the tax parameter in period t is
CE -
b = {(p,v,c)|p € R,%s P 2 Pyo for all k € Ce» Py S Ps for all

k € Cp V] CC, and Py £ P, otherwise, v = (v(e))eee, v(e) > Ves for all

6 and § v(8) <1, and -M < ¢ <1} , where M is defined by equation
€0

(15.19). The domain of prices in the T-period economy

T e (0 (®)s v (&) € (8 1oy (0, (8 v, (8,)» € (&) € &, for
all t and 8.} .

ET(i’t) (p,

Given (p,v,c) € AT , let v, t(c)) be the reduced

Ty
..........
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demand for the T-horizon economy. It is defined just as is reduced
demand in the infinite horizon economy, except that one must take ac-
count of the T-period horizon. Let qjmt(gt) be the security prices

derived from p and v . Foreach j, t and Qt , let

0L AE age(8) <R 807K

ijt(P, v,8,.) =1 [0, H] , if qJOt(e ) = pt(§¢)°xj , and

H » if q.,,.(8) > p. (g ) K, .

jot ~t ]

Let ﬁi(p,e) be as defined just before equation (14.2
I may now define the appropriate ''excess demand" function for the
fixed point argument. Given (p,q,c) € AT , let Z(p,q,c)

= {(z, sa, MY = (2, () 2, (5,

A : N
+1), Mt(gq))lthere is a measurable selec

tion (x(l’t), L(l’t), a(l’t)) from 5(1’t)(p, q, t(c)), for all t, and
there are tht(et) € @jOt(p, v, Qm) and yjt(gt) € ”j(pt(gm)’ 6,), for
all j, t and §¢ such that

1D z,.(8) = x.(8,) + gthOt(e K, -T,(8,) - le m§1h30 NCI N P

2) Ala (e 1) is defined by equation (15.4), and
3) MA(Qt) is defined by equations (15.2) and (15.3) ,

- E; and 5; are the aggregates corresponding to the selec-

CII NN CH I EHON

when X

tions and where tht(gt) = h for

j""tyo ’

t <0. (The are part of the initial conditions of the model.)

hj"tso
Also, in applying equation (15.4) to define bay , it is understood

that q.

jm, T+l =0.

Because the prices of insurance and consumption goods are bounded

E(i’t)(p, v, 1(¢))

away from zero, the individual demand correspondences

are non-empty valued and have closed graph. Because prices are bounded

o o
.s.".uﬁ.{vxs.’ AN O s




as well, these demand correspondences are uniformly bounded. Because
the set of consumers is atomless, I 1is convex-valued. It is uniformly
bounded and by the generali:zed Fatou's lemma it has closed graph

(Hildenbrand (1974), p. 73). Let K be a compact convex set contain-

Z and define u : AT x K » AT as follows
—A -~ ~ A' ~ R <
uw(p, v, ¢; z, pa, M) = (pt(im)’ Vt(2¢+1)’ ct(gt)) , where the components

ing the range of

are defined as follows.
1) Py (8) = min(p,, max(p, Py (8,) + 2,5 (g))) .

2) &g = min(-M, max(l, c (8,) * M{C‘(g,t) - M) .

3) Vt is more complicated to define., Fix Qt and let Vg = Vt(§¢’ e) ,
Ve =V (8, 0) , and 2ay = ba. (8, 8) . If g(ve +hag) <1,

let b, = sa +v, . If g(ve +bag) > 1, let

- . -1 _ = min(v
by =sag + v, || [g(aae +vg) -1) . Let ¢y = min(v,, b,) .

~ - —1 ,
Then, ve = X{ + D (ce -V

- 1oy =1 -
D = max(1l, (1 -]@|l{) (gce IOIXt) .

) , where

. 1 -1 - . .
Since v, <3[o|™", v, 1is well defined.

Now let F : AT x K -+ AT x K be defined by F(p, v, ¢; z, sa, ﬁA)
= u(p, v, ¢c; 2z, Aa, ﬁA) x Z{(p,v,c) . By the Kakutani fixed point
theorem, F has a fixed point, To this fixed point,there correspond
input-output vectors ?}t(gt) , excess demand vectors zt(gt) , and
a candidate T-period equilibrium ((yj), (x(i’t), L(i’t), a(i’t)), (p, v, 1(c)))
The corresponding aggregates will be denoted §£(2¢) , fi(gi) s Ek(gt) .

+

Aat(2¢+l) and so on. Throughout what follows, Ct(gm) denotes

max(0, ct(gm)) .




Step 7: h&(ﬁ{) =M, for all t and ﬁq .

5 = TR e -
t(gm) =1 and so Mt(ﬁm) ihht(gt) =0 <M

v

Y

" L4

- 1f M':(g't) > M, then ¢

s

N3 which is a contradiction,
N ,
- If ﬁi(gt) <M, then Ct(gm) = -M , so that by equations (15.3)

o and (15.19), ﬂf(gt) > M , which is a contradiction. This proves Step .

;: Step 8. If Aatggt+1) < 0, then X¢(Q¢+1) =V, -

N ol . . - _.
ﬁ&' Proof, Let Vg o Vg s LA, b6 , and D be as in part 3 of
ho the definition of the function wu . If Aa, <0, then b, < v, .

) 8

~ S :

EN 1f be SV then Vg = Vg =Y, , as desired. If be > Ve o then
hY

G . ~ -1 . .. .

o since D >1 , Vg =V, * D (be 'lk) < be < Vg s which is impossible
f; by the fixed point property. This proves Step 8.

.:_:

{ Step 9: If Aat(gt, 9t+’) >0, for some 6t+1 , then th(e , 8) =1
2 1 §

j‘ I continue to use the notation used in the previous step.

) Suppose that ZVG <1 ., Then, it must be that Z(ve +hag) <1,

. 6 6
- for otherwise Jv. =]V, =1. Also D>1, forif D=1 and
o C] 8
».:‘} -~ . . o . .

< Aae >0, then ve = mln(vt, Vg +Aae) > Vo s which is impossible.

o But, if D> 1, then Jv_ = )V =1 . This proves Step 9.
Y 8 2] 6 5]
?; Step 10: If vt(gc, et+1) >V, s for all et+1 , then
I\
L Aat(g,t, 8) = Aat(e , 6') , for all 6 and &',
ij This is obvious from part 3 of the definition of the map u .
>
R S NG
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Step 11. For all t and QT s

Cra1)08u(8es 8p,1) + Pe(g) X (&)

J
' jglqjot(§¢)hj0t(2¢) ¥ Ge ) Ve (&er €p4y) * It(ﬁm)
- t+1

This is proved by aggregating the individual budget constraints

and by using (15.3) and (15.5).

.

Step 12, Ztk(ﬁt) < 0, whenever xtk(gt) >0, for k€ CC , t < T-1

and all 21

I will prove that ptl(ﬁt) :_A , where ﬁ is defined by equation

(15.7). From this, Step 15 follows. For suppose that ;tk(gt) >0,

for k € Cc and k # 1 . By assumption 3.4, ptk(ﬁm) <MSp <p,
where p is defined by equation (15.8). But, if 2, (8,) > 0, then
ptk(9¢) =P -

In order to prove that ptl(gt) i.ﬁ » 1 need an upper bound on the
purchasing power of consumers. By Step 11, pt(gm)ik(gm)
< M- ez Ve(8ps 0441008, (80s 6,,y) - If 03, (8, 8,,,) <0, then

t+l
Vt(ﬂt’ et+1) =V, - Also, by the definition of Aat (equation (15.4),

< p,(N-1) + ?HZNJ. + 'q“l-TZN:i +G, where p , W, and
j j
q are defined by equations (15.11), (15.9) and (15.10), respectively.

'Aat(gt’ et+l)

It follows that, p (g,)*X (g,) <M+ |0|!{G + v,B,p , where B, is
as in (15.12). Use has been made of the fact that 5; , ® and q
are all constants times p .

Clearly, if ptl(ﬁt) =p, » we are done, since Dy < p . So sup-

ose that (g,) > . Then th ¢ is no excess supply of good 1,
P Pr1'R¢) 7 Bt PP

‘e tatet e
MR
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At least Ll(N-l) of good 1 is offered (since t < T ) , where L1
is defined by equation (14.7). Therefore, ptl(e )L (N-1)

<M<+v.(lo|6 +B,p) . If p(g) >P, then pLi(N-1) <M+v (lelG+B.r
or P(L;(N-1) -v,B)) <M+ thelc . By (15.17), v, <1 and

v.B, i%—Ll(N-l) , so that %ﬁLl < B(L(N-1) -¥,B,) <M +]0]G .

This contradicts the definition of p (equation (15.7)). This proves

Step 12,

Let b be as defined in equation (14.2).
Step 15: Supply is bounded by b .

This follows from assumption 3.7 and the fact that no more than

H units of production are installed in any industrv at anyv time.

Step 14: The statement of Step 16 of the proof of Theorem 4.1 applies

here, for t < T .,

The proof of this statement relied on the fact that consumers could
not demand more than b units of any good. By Step 12, this fact is

true here.

Step 15: ¢ (8,) < ¢, forall t and 8, » where ¢ is as defined

by equation (15,13).

I must calculate an upper bound on W (8, ) (e 1) 3£(g¢, 8,..q)

t+l
First of all, since ﬁi-l(ﬁm-l) =M, it follows from equation (15.3)

and aggregation of the consumers' period t-1 budget constraints that

(5

I,. 1( 8:-1) £ +qH Z . Secondly, observe that I may assume
i=1

that Aa (&, 6,,) <0 . If gvt(ga, 8) <1, then that is true by

Step 9. If gvt(im’ 6) = 1 and if sa (g,, 6, > =8 >0, thenl can

- . e te Lt LT et et e . o R
R N - P P R T

AN o e ~ g - . ]
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reduce ail’t-n)

by N lg » for all (i,t-n) , 6, and s . Inso doing, 1 need

. 1-1 : (i,t‘n) .
(8, €,5,) by N '8 and increase all I; (8er 5

change no other action of any consumer at any time, all consumers arc
equally well off and I do not change WE(QQ) . After having made this

change, I have aa (g, 6.,,) <0 . If nra (8, © ) <0, then

t+1
a,(8es 8,,1) <P,(K-1) + (m+q)H %Nj + G . Therefore,
W;(Qm) SM+G+PN+ (F'+Za]ﬁ'ZNj . Call this upper bound W .
J
. i FA 7 8 < 1 T ] <=~
Clearly, if (l-c)nt(§¢) <M, then ct(gm) < ¢ ., Since ¢ satis

fies (1-c)W <M, it follows that ¢, (8,) <c, forall t and ¢ .

This proves Step 15.
I now introduce the numbers

A t) _ ()

t+n+1(2¢+n+1’ En) T Tt+n+l (8

~t+n+]’ in)

_ (i,t)
pt+n(2¢+n) Lt+n (2¢+n’ En)win(in) !

(i,t) . .
At+n+l(2¢+n+1’ En) is the wealth transferred from period t+n and

event 9 to period t+n+l and event §

A+ ~t+n+l °
step 16: 1f AUT™ (g 6. 1, 5) 50, forall e, , andif
Agiit-n)(gm, Bra1? gn) < 0, for some ey » then in,t-n)(e » 8) > 0.
This step follows immediately from the equation
L el oA e g0 = T @ ) om0 R e 2

which follows from the definition of the consumers' wealth. This proves
Step 16.

The marginal utility in period t and event §¢ of transferring

zalth i : - i
alth to period t and event 8441 1




‘.'1'."—“

i,t- -1
(15.200 4T (g L5 = evitig,, DA el (B,
. (i,t-n) 1
EDe] Bears Snr Sner) Erars plProble, 120,
where Aél’t'n) denotes the marginal utility of money. The following

assertion should be clear.

(i’t'n) ]
t+l (8;» ®

t+1’ En) >0,

. (i,t-n)
Step 17: If AT (g,, 6.,

(i,t-n)
(8er Bpaps 2p) <A (&g ®

gn) <0 and A

(i’t'n)
then At %+1, gn) .

Step 18: If the people of age N in period t < T-1 and event 21
. — -1, — .
have before tax wealth % >0, then p,(8) > (M} lc /)" -,

for all k € Cc .

Since these people of age N spend all their money on consumption,
P (8,) Ei(gm) 2K - TV, ¢, (8,)) > W(l-¢c) . Since E;k(g¢) <b, for
all k (Steps 12 and 13), we have that p,(8,)X (8,) £ blpy(8,) »

where the sum is over the set of k such that xtk(gt) >0 .

_ DL -1 =
for some such k , say k=2, p.,(g) > (ICIb)y (- . If

Hence

-1 - _ '
k € C. and p,(8,) < (MS) Pyp(8) » then X ,(8,) =0, by assump-

tion 3.4. This contradiction proves Step 18.
Step 19: plktdl) >p; > 0, for all el and all k € Cc .

This follows from the previous step, the definition of ) (equa-
tion (15.14)) and the special assumption made before the statement of
Theorem 4.2,

The next two steps are the hard steps of the proof. Let Yo and

P, be as defined in (15.17) and (15.18), respectively,
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Step 20: Suppose by induction on t that for n =1,

oo’t)

pnk(gn) > Py s for all gn and all k € Cc and that for n=1, ..., t-1 ,
Vn(ﬁn#l) >V s for all 2ﬂ+1 . Then, vt(2¢+1) > Ve o for all é¢+1 ,

provided t < T-2 .

Clearly, if Prob[et+1I2¢] =0, then v (g, and

Ote1)
Aat(gt, et+1) may be set equal to anything we like. So, I will always

assume that Prob[et+1|2¢] >0 .

- 1

Fix and let € > 0 and Z = Zt-1(2¢—1) be as in (15.15).

ft-1
Throughout what follows, A stands for the marginal utility of

money .

Case 1: There is (i, t-N+2, éN-S) € Z such that
(1,t-N+2)
*t-1 (812 2x.5) > 0 -
I will show that for all & following 841 0

(15.21) E[EN2) 6 Sy 518 1s 8., S o] < Up. 6(1-Dn) L
y t fe-10 B¢ An-30 SNo218¢-10 ¢ Sho3) 2 ulRe

Since consumption is positive, the marginal utility of money equals
(i,t-N+2)

that of expenditure. As a result, Gh;zl 2a.7] (8c-17 Sn-3)
(i,t-N+2) (i,t-N+2)
= Al Q.17 Sn-3) 2 A0y (817 2n-3)

=y (i, t-N+2) ,
2 8(1-c)nE[r;™ (8e_12 O¢5 Sn-3» Sn-2)18eo1r Op» Sy_3] » for all
2¢ » Where Agiit'N+2) is defined by equation (15.20). This proves
(15.21).

I now prove that

=42z -1
(15.22) v (8, _1» 8;» 8,,1) 2 P (n6(1-c))"(pu) ~ .

Let (i, t-N+2, SN-S) be as in Case 1. In period t+l1 , this

pers 3 of 2~ N and so spends all his wealth on consumption. Hence,
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yoh! his marginal utilities of money and expenditure are the same in that
{ period. It follows that for all 6, and 6re1
- (i,t-N+2) - =-1__-1
o Ae (8e.1» 1> Sn-3v Sn-p) 2 8(1-clepp TVt (& 1s Bps 6ply)
f{ where ¢, is as in (15.15). Hence, if inequality (15.22) is violated
- ' (i,t-N+2) .
- for some et and et+1 , we know that At (ﬁt-l’ et, 5.3 SN-Z)’
~,; - - -1 . .
;ﬁ‘ §¢_1, et, iu-s] > u(gt_lé(l-c)n) , for all SN-2 This contradicts
i: inequality (15.21) and so proves inequality (15.22). Since the right
L1,
] hand side of inequality (15.22) exceeds Ve o Step 20 is proved in
S
- Case 1.
N; (1,t-N+2)
- H s Lo T = . 1 “N+2 : -
\{ Case 2: X1 (gx_l, EN-S) 0, for every (i, t h+.,§N_3) € - .
" Then, by Step 16, for each (i, t-N+2, s, ) €2,
CN -J
'\ 3 -
- (i,t-N+2) R
‘i At (Qt-l’ B> EN-S) >0, at some et . Hence, there is 8,
E: such that mes Z(Ei) > Iel'lmes Z: Ll(Zlel)'1 , where
;' a = 3 - (i,t-N*Z) a
o 2(8,) = (i, t-N+2, s o) € Z[A; (8¢-17 B¢» Sn-3) 2 01 . The
js last inequality above follows from the definition of Z in (15.15).
.:"
7;: I now prove the following
n (15.23) Vo (8, 15 B¢s 84,1)Ppyg k(Ero1r 8¢r Brup)
:4-:; 1 2 -1, =3
i 2 d = min(p éne; (1-c)(v) ~, P, 8ne; (2le]fuMs | [B) "7 (1-0)7Ly)
ﬁﬁ for all et+1 and for all k € Cc .
» = -
::: Let V(etd) Vt(2¢-1’ Gt, etﬂ) and let P(et+1)
L = mn pt+l,k(2¢-l’ By et+1) *
il k€C
ot ¢
- . (i,t-N+2) -
;& Subcase 1: X, ’ (2¢-1’ et, SN-3° SN-Z) >0 , for some
- —
;ﬁ (i, t-N+2, §N-3) € Z(et) and for some SN-2 *
o I now show that in this subcase,
N
.'-:
-

..... . n . . . . - . - . S -~ -~ Lt . - -~ - ~ Cl I TR AP I LTS S I T A (PR
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, = = -1

(15.24) \(et+1)P(et+l) > gténel(l-C)(U)

Let (i, t-N+2, EN-S) and SN-2 be as in Subcase 1. Then,
T ) = (i,t-N+2) - (1,t-N+2) ry ~
u = > - = L
Be “og Re-17 8¢ o3 Sn-2) T A (-1 O¢» &o30 Sx-2

- -1 - . . .
> G(I-C)neIV (et+1)P 1(9t+1) , for some et+1 . This prove inequality
(15.24) and so proves inequality (15.23) in Subcase 1,

. o (1,t-N+2) 5 -

Subcase 2: X, (Qt—l’ et, 5N-3° SN-Z) =0, for all
. - 7 - —
(i, t-N+2, EN-S) € L(et) and for all SN-2 *

_ (i,t-N+2) —
Let  Afy,y) = L(-G-)E[At (810 Be» Bpayr Sno3 Sy &y
“t

8,0 8eLpo §N_3]di dsy_3 . Notice that each person in Z(@i) has at
least (I-E)Rt-l units of wealth at the beginning of period t in
event (et-l’ 5}) . Hence, collectively the people in Z(E&) have at
least (I-Eﬂgt_lLl(Zlel)-l at this date-event pair. Let

o' = {BIA(G) > 0} . From the defining conditions of the subcase it

follows that ] V(6)A(8) 2 ] V(8)A(6) 2 (1-O)p, L (2]e[y™" . From
G 1) -

Step 18, it follows that if A(8) > 0, then P(8) > (E]cclb)'l(l-E)A(e) ,

so that

(15.25) 62 V(8)P(8) 2 p_t_l(z|c-)|'1vn§|cc|b)-1(1.E)L1 .
0€Q"

I will show that if A(e') = 0 , then

(15.26) V(8)P(8) 2 (W léne, (1-DIV(6")P(6") , for all o .

The previous two inequalities prove inequality (15.23) in Subcase

2. For let 6' € ©' be such that V(8')P(6') > V(8)P(8) , for all

6 €0 . Then, for any 8 , V(O)P(8) 3 (@ 'ne 8(1-T)V(6")P(e")
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P
R > (lelw ne 6(1-0) T v(eIP(e)  p,_j6ne, (2lelUIE |C_[0) -2,
= = &t-1 ) ¢ 1
{ 143
-'_‘_: which is no smaller than the right hand side of inequality (15.23).
::;'; I now prove inequality (15.26). Let e' = e{ﬂ . Since
g
. ' (1 t-N+2) '
ACe,y) >0, (8 12 et, 01,1 Sn-3° Sy.p) > 0, for some
.:: (i, t-N+2, s ._3) € Z(Et) and some SN2 * But then
» i,t-N+2 -1, —
= A )(6 10 Bpr Sxe Sno2) T OO - g (8 s BB DIV By Epbfr
(i,t-N+2) -
Proble:, |8, ;. &, JE[a.}} (8p.17 B¢s 81,15 Sx-3 Sno2r Sxop) 8.
L) ry ' T 1
750 €rr 2a1 Sxo30 Sye2) UV (et*«l)P (et+1) » But
f\- .
’\‘ (1,t'N+:) e - --
2 Ay (Be_q» Bpr Sno3» Snoo) 2 Sne (1-e)V7 0 (8, )P (et*l) , for
. all e”1 . These two inequalities prove inequality (15.26).
j This completes the proof of inequality (15.23). I now prove Step
e
! 20 in Case 2,
p Suppose that for some et and 6“1 > Ve z Vt(zt-l’ et, etq) SV, -
-r.“t For every (i, t-N+2, 2&-3) €7,
e
s
Ca
oy (1,t-N+2) — -1 -1
: (15.27) A’ (8¢.17 B¢» Snoz» Snog) 2 ne  (1-0) () v
¥ .
o Let (i, t-N+2, 8, o) € Z(5,) (that is, AT MDD 5, s 9500,
o We know that this consumer has positive wage income at the end of period
_.;_.: t-1 in the event Q't-l . Therefore
- (i,t-N+2) - (i,t-N+2)
o (15.28) l\t (Eat-l’ By Sn_3 ) 2 Ay (e T e E‘N-S) .
[
-:;:E The left hand side of inequality (15.28) is less than or equal to
- vig max( -1 d'l) = v1 gal where d is as in inequality
Le-1 By » Ye-1 g 4 :
i (15.23). The right hand side of (15.28) is at least as big as
_:.':: 5,\251(1-3) (E)'lv;l . Putting these two inequalities together one has that
o
’I.
&
o




bl _ e D e -
Ve 2 én'gl(l-c)'(pr)'(pr) ldX{_l >V, o This contradicts the hypothesis

th S
at vté\—t

This completes the proof of Step 20.

Step 21: Suppose by induction of t that for n=1, ..., t,
pnk(gn) > P, for all k € CC and for all 8 and that

vn(2n+1) >V o for all 2n+1 . Then pt+1,kggt+1) > Peyp > for all

k € CC and all ¢

8r41 if t <T-3.

Fix Qm and let €, >0 and Z = Zi(et) be as in definition (15.16).

Case 1: There is (i, t=-N+2, EN-S) € Z such that
(i,t-N+2)
*t (8es Sx-2) > 0 .

— -1 (i,t-N+2) _(i,t-N+2)
Then, for all ¢ up, oy (Qm, EN-Z) = At (Sm’ s

v

t+l ’

vy

:Snc.,(l—E')min(p'1 (8., 8 )) , so that p (6,, € )
2 K t+1,k At t+] t+l,k'~t t+l

v

= = -1
E{Gnezfl-c)(u) >V

t for all Kk € Cc . This proves Step 21 in

Case 1,

(e € - .

(i,t-N+2) _ .
X’ 84 8p4p) = 0, forall (i, t-N+2,

Case 2: EN-Z)

Arguing as in Case 2 of the proof of the previous step, there is

-1 -1
0,,7 such that mes Z(et+1) > o] "mes z > L1(2|e|) , where
- : (i,t-N+2) .
2(8,,,) = {(i, t-N+2, s ) € Z|AS™ (84> Beyps Syo2) 2 0} .« Again

applying Step 18 as in the proof of Step 20, we have that
= -1
(15.29) Peal, k&> 8pap) 2 P, (1-¢) (2|e|MS|C_[b) L,

for every o such that mes Z(6,,,) 2 L1(2lel)'1 .

t+l

I now define sets en by induction on n . Let

> Ll(zlel)'l} . Given o , let

© t+l) =

1= {et+1|mes Z(8

®nep = G Y {6t+l|there is (i, t-N+2, sy ) € Z such that

~N -

'
-l
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0, and for some &! €3z,

t+1° RAN-2 t+1 n

i,t-N+2 .
AT e L er L s ) > 05

I now show that

(15.30) for every 6 € en s

t+1 Pra1,k8e2 Brar)

> [v, 1-0en@ 11" p, 2felfc by a-ot, .

The proof is by induction on n . The case n =1 1is inequality

(15.29). Suppose that (15.30) is true for n . Let 9t+1 € €n+1\6n s

e! € 6. and (i, t-N+2, 2&-2) € Z be as in the definition of Gn

t+l n +1

By Step 17 and because people in I are in the last period of life in

period t+1 , we have that (l-Cle,n max(p;il L (Epr €ean))
- k€C ?

e nan
El,t N+.)(e , 8

nA

(1,t-N+2
he? qC bre1r 00 S 4 t+1? -2

1

WA

v, )

u max P211,k(e , 8! ) . Hence, min p

(e s'e
RECC t+l k€cc t+l,k~t t+l

v

D2 yena-a@y”

—_ = -1 .
v_e,n(l-c)(u) " min p (e, 8!
—t 2 KEC t+1,k A £

R¢(2|9|ﬁ§lcc|b)-l(1'E)L where the last inequality follows from

1 3
the induction hypothesis. This proves inequality (15.30).

For some n < |@| , the sequence ©  stops growing. Therefore,

(15.31) for every 841 € g o, » pt+1,k(2¢’ 0441

-1, le]

2 (v, (1-0e,n@ p, (2l0[iBIc [ a-DL, > p,,, -

I now show that © = U en . Let ©' be the complement of U o,
n n

and suppose that ©' 1is not empty. Then, there exists

(i, t-N+2, sy ,) € Z such that Agl’t-N+2)(2¢, ) for

t+l’ £N+2) <0,

€ 0' . Otherwise, there is some ¢ 1 € ©' such that

all 8 t

t+1
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o . , - A (1,T=N+2) cr-l -
f;tz mes{(i, t-N+2, EN-z) € ._|At (g¢, A 2&—2) >0} 2 le!” "mes =,
i. and ¢ €6 which is impossible. If A(i’t'N+2)(9 6 S, 1 <0

-.' t+1 » 1C 1 lmp $s1 . t A{) t"’l’ "N-:‘ 3
oh - (i,t-N+2)

o for all et+1 € @', then At ’ 6, et+1, EN-Z) <0, for all

%ﬁ: et*l LV @n , for otherwise € € U Gn , which is impossible. So,
-“.._ n n

)] i,t-N+2 .

.;;‘ AE , )(e » Bi412 8y.2) £ 0, forall 6., , which means by Step
'-::‘:.: (i,t'N+2) . . -

.::: 16 that Xg (21, 5&-2) > 0 , which contradicts the defining
Z:jl condition of Case 2. This proves Step 21.

i 5. _n - (& om (£) =

: Step 22: For t < T-2, 't("'t) <0 and pt(gt) ..t(&t) 0.

o
o .

:,{, By Steps 20 and 21, ptk(gm) > Py > for all t < T-2 . Hence,
12; ztk(gt) >0, if k€ C. . By Step 12, :tk(gt) < 0 whenever
.j:j Rik(gt) > 0 , one may now proceed exactly as in the proof of Step 13

Eﬂﬁ of the proof of Theorem 4.1.

‘/

:iii Step 23: For t < T-3, Aat(§¢+1) >0, for all Sre1
Iy
R
o, 1 3 y

A This is so because by Steps 20 and 21, Vt(gm’ et+1) > Ve s for

'};~ t <T-3.

‘j;; Step 24: One may assume that pa (8,,,) =0, for t <T-3 and for

- all St41 -

:1;; Since Vt(2¢+1) > Ve s for all Brep » it follows from Step 10
Exi that Aat(gx, 8) = Aatggt, ') , for all e and 6' . Suppose that
:;; Aat(§¢,6t+1) =g >0, forall 8., . Then, as in the proof of Step
Zﬂg. 15, 1 can increase every consumer's money balance by N'ls and reduce
T nis purchases of insurance by N'IB for every state et+1 . After 1
'djx do so, the consumers still are making optimal choices and the excess
AL

LY
e demand for insurance is eliminated.
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I have now satisfied all the conditions for a reduced, (G,M"

balanced equilibrium for periods t < T-3 .
Step 25: Allow the horizon to go to infinity.

One applies a Cantor diagonal argument and obtains in the limit
an infinite horizon reduced (G,M) balanced equilibrium. By Step 2,
this completes the proof of the theorem,

Q.E.D,

16, Conclusion

.» The main result of this paper, Theorem 4.1, may be misinterpreted
as saying macroeconomics is easy. Here is a model in which phenomena
resembling trade cycles may occur, and it is proved that policy may
prevent them., Furthermore, the result is not at all! surprising once
one realizes that it is an analogue of the second welfare theorem,
However, one should be aware that there are strong hypotheses under-
lying the model. These are that expectations are rational and that
random changes of aggregate importance are revealed to evervone simul-
taneously. The latter assumption, of course, precludes the asymmetric

information which underlies the so-called island models of macroeconomic

;. theory.
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APPENDIX--EXAMPLES

A.1}) Example. There are two immortal consumers and two goods, labor
and a produced good, There are two production functions, One

is Ye = Lt , Wwhere Ye and Lt are period t output and labor out-
1

L, . Use of this

= (1.09) ¢

put, respectively. The second is Yee1

process involves investment since output arrives with a lag. Each con-

sumer has a utility function of the form Z (0.9)t10g Xy s where
t=0

X, is consumption of produced goods in period t . Only one consumer
can work at any time. Consumer 1 can work in periods t = 4n or d4n+l1 ,
for n any integer. Consumer 2 can work in periods t = 4n+2 or
4n+5 . There is no borrowing or insurance and there is a one period
Clower lag in the pavment of wages or dividends, Wages and dividends
are paid in money. There are no government bonds.

The following is a cvclic equilibrium. The prices of labor and
the consumption good are always the same. The price is 1.09 in odd
periods and 1 in even periods. The second production process is used
only in even periods. In those periods, 0.0l units of labor are invested
in the second process, yielding (0.01)(1.09)'1 units of output in the
following period. There are two kinds of securities, shares of newly
invested labor and shares of old investment. Shares of old investment
are shares in the proceeds from sale of the output of the investment.
Let us say that one share corresponds to an original investment of one
unit of labor. The price of one share of new investment is one in even
periods and 1.09 in odd periods. The price of old investment is 1.09
in even periods and 1 in odd periods. The real rate of interest is

(1.05))_l -1 <0 in even periods and 0.09 in even periods.

- C
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R The money supply is 1.925304.

(: Let x

i 1 be the consumption of a consumer in the first period in

which he has z wage to spend after two periods with no wage. Let x, ,

X3 and Xy be his consumption in each of the succeeding periods.

Then, X, = 0.5575548 , X, = 0.546913 , Xz = 0.4516193 , x, = 0.4430385 .

:i: Output of the consumption good is 0.99 in even periods and 1.0091673
';E in odd periods.
C
- AZ) Example. There are two immortal consumers and two goods, labor
Sg? and a produced good. Consumer 1 has one unit of labor in even periods
;s and none in odd periods. Consumer 2 has one unit of labor in odd periods
,;i- and none in even periods. The utility function of each consumer is
:E; . E —%-log Xy s where X is consumption of produced good in period
A t=0 2
{“ t . The production function is of the form y = K:_lLé-a , where
v;i} 0 <a<1, Ye is output in period t , Lt is labor input in pericd
:;; t, and Kt—l is produced good set aside as capital in period t-1 .
M_; There is one unit of money and no government debt. Wages and dividends
_éi are paid at the end of the period. There are two kinds of shares, shares
.is in newly invested capital and shares in capital invested in the previous
;f period. One share corresponds to an original investment of one unit
?;5 of produced good.

. The following is an equilibrium if o« =1/7 ; r =0,
;{. p=1.3830874 , w=6/7, 7= Q =4, =p, y = 0.7230201 ,
ﬁz; K =0,1032886 , Xy = 0.4131543 , and Xy = 0.2065772 , where r is
;é the real interest rate, p is the price of the produced good, w is
‘.. the wage, 9 is the price of one share of new capital, Q5 is the
221 price of one share of old capital, v 1is the dividend on one share




of old capital, y is output, K is capital, X5 is consumption in

the ith period after having received a wage. New capital pays no
dividend.

Using the same notation, the following is an equilibrium when

2
,
(1+41)qy , 7= (1+1)%q; , y = 0.6653292 , K = 0.08674 ,

a=1/6: r, =0,13066239 , p = 1.5030153 , w = 5/6 , Q =P >

94

X 0.3696273 , and X, = 0.2089618 .
If one checks these equilibria, one must realize that the marginal
product of capital is (1+r)2 , nhot 1l+r , since an investment does
not yield dividends until the end of the period after the period of
investment. For this reason, the second equilibrium is not Pareto optimal.
In the above equilibria, all shares are held by the consumer who
just earned a wage. For this reason, w = Xy * qlK + qZK .
One sees that in the above example an increase in the share of
capital in output, o , increases the real interest rate. Imagine
that the economy were in a stationary equilibrium with o = 1/6 and

r =0 and that o increased to 1/7. Presumably, the economy would

adjust toward the new equilibrium with r = 0.13066239 .

A3) Example. This is an overlapping generations model in which people
live two periods and one person is born each period. There are two
commodities, labor and a produced good. Individuals are endowed with
one unit of labor when they are young and none when they are old. The
utility function of each individual is log Xy ¢ log Xy » where X4

is the consumption of produced good in the ith period of life. The

production function is Ye = 4»’Kt_1Lt , where Ye is output in period

t, Kt-l is capital created in period t-1 and Lt is labor used




T Ty,

in period t . The capital is produced good.

The following is an equilibrium. The quantity of capital set aside dur-
ing each period is one. Individuals consume one unit of produced good
in youth and two in old age., The price of the produced good in period
t is 2 . The wage in period t is 2_t+1 . The nominal rate of
interest is zero.

The equilibrium financial flows are as follows. A youth in period

-t+1

t earns a wage of 2 at the end of the period. Against this he

borrows 2—f+1 at the beginning of the period. He spends this on two
units of produced good, one of which he consumes and the other he sets
aside to be used as capital in period t+1 . At the end of the period
he uses his wages to pay off his debt and he is left with one unit of
capital. At the beginning of period t+1 , he borrows 27t against
the 2°% of profit that his capital will pay him at the end of the
period. He spends this on two units of consumption and pays off his
debt at the end of the period., (Alternatively, the old could sell their
capital to the voung, who would finance the purchase by borrowing.)

The money supply at the end of period t is 2_t+l , being the
sum of wages and profits paid at that time. The aggregate quantity of
inside money in period t 1is the sum of the debts of the young and the
old, which is 2't+2 again, Thus, there is no outside money. Inside
money declines exponentially to zero. Since the nominal interest rate

is zero, it is impossible to prevent the decline by reducing interest

rates.

A4) Example. This example is exactly the same as the previous example,

1/3L2/3

except that the production function is y, = 3K ik T -

The initial conditions are as follows. At the beginning of period

0y . . '-'. '.'.u'--
R N S S
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3 one, the person who was young in period zero possesses one unit of

{: ‘ mone)y and KO units of capital set aside in period zero. He does not
receive the profits earned from this capital until the end of period
< one.

‘3 For each r > 0, the following allocation is that of an equi-
iif} librium with money earning interest at rate r > 0 and with balanced
‘:\'. .

o government budget. The capital set aside during period t is
fn Kt = (1+r) 1 %/f » for t >0 . (This difference equation converges.)
L

AOAS
-}:;: The person who is young in period t consumes
;:;: Xy = (2+r) 1 (2er)" (2+3r)}\1/J . The person who is old in period t
o,

o consumes X , = (2+r)~ (2+3r)k . Output in period t is Ye = 3Kt 1
S & -
Tt
i2¢ (This allocation is obtained by maximizing the social welfare function
NG
W -‘-.: (-]

ol log x., + ) (1+r)_t(10g X, , +1log X, ,)

- 02 & tl t2’

{ t=0

5{?3 The equilibrium prices are as follows. The price of produced good
AR

Ak .

o in period t is Py = (2r)” (2+r)K 1/3 . The wage paid at the end

":J'.:

'i' of period t is W, = r'1(2+r)(l+r) . The price of a unit of old capi-
-‘.-Q‘ - -

] tal at the beginning of period t is q, = (l+r)p, = (2r) 1(2+r)K 1 .
“~ "}-12 t t t-1
'. *-h . . 3 - . 0

N The price of one unit of new capital in period t is P, -

-:‘ -

- There are also government debt and capital. One government bond
ii;{ is the right to receive one unit of money at the end of the period.
~_.‘\ -

i};: The price of one bond at the beginning of each period is (l+r) 1
N
o Also, consumers pay a tax of r at the beginning of their old age.
S
e The equilibrium financial flows are as follows. At the beginning
\.P.“‘
xi\; of period t , the firm who is producing that period sells its output,
N
.:;i receiving Py, = 3(2r)'1(2+r) . This revenue is deposited in a bank
:42 and held until the end of the period, when it is paid to consumers as
'iaa wages and dividends, This money er: interest at rate r , so that
s::t.:
L
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(l+r)ptyt = 3(2r)-1(2+r)(1+r) is paid out, r-1(2+r)(1+r) as wages
and (Zr)'1(2+r)(l+r) as dividends.

Consider a young consumer. His only income is wages earned at
the end of his youth. At the beginning of his youth, he borrows
3(2r)'1(2+r) from banks. He spends this as follows:

PiXeq = 3(2r)'1(1+r)'1(2+3r) on consumption, pth = (2r)—1(l+r)'1(2+r)

on new capital, = (Zr)'1(2+r) on the capital which is currently

ke
productive, and 1 on 1l+r units of government bonds. His wages and
purchased assets serve as collateral for the loan. He pays interest

at rate T to the bank, so that at the end of his youth he owes
3(2r)'1(2+r)(1+r) to the banks. He also receives at this moment wages

of r'1(2+r)(1+r) and dividends of q K _;(1+1) = (.‘zr)-1

(2+1} (1+71)
These add up precisely to his debt, which he pays off. He also receives
l1+r on his bonds and pays a tax of r . Finally, his investment in

Kt units of new capital now gives him the rights to dividends at the
end of period t+1 . Those rights he sells for qt+1Kt = (2r)'1(2+r)

In all, he has (2r)-1(2+3r) units of money, which is exactly the cost
of his consumption in old age, Pra1Xe2 *

Consider now the government. In each period, it collects in taxes
exactly what it incurred in interest obligation during the previous
period. In each period, it pays to the old consumer the principal of
one on its old debt and borrows one from the young consumer,

The total money supply at the beginning of period t is
P.Y, = 3(2r)-1(2+r) + 1 . The quantity of inside money is 3(2r)'1(2+r) .
The quantity of outside money is one.

Any of these equilibria is possible as long as the

government always balances the budget by setting its taxes in period
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t+] so as to equal the interest obligation incurred in the previous
period. Thus, as long as the government is passive in the above sensc,
interest rates are indeterminate,

Remark: One could define a balanced budget in a different manner,
so that the face value of government debt would be constant. Above I

made the amount of government borrowing constant. The interest rate

remains indeterminate if the alternative definition is adopted.
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FOOTNOTES

1 . . . . . . .
The term '"business cycle" is misleading, for it seems to imply period-
icity,

2This result is related to the literature on whether a monetary policy
fixing interest rates leads to some sort of indeterminacy or instability.
(See Sargent and Wallace (1975) and McCallum (1983).) That literature

is not expressed in terms of the kind of full general equilibrium model
which is used here, but 1 think the main difference is that I allow
variation of both monetary and fiscal policy, whereas in that literature
only one instrument is used, the money supply.

°It would also be natural to fix the average marginal utility of money,
but I have been unable to prove that one can do so.

4I may be mistaken in my interpretation of the work of Sargent and Wal-
lace, for in their model there is no formal distinction between inside
and outside money. The monev in their model is outside money according
to the definition given here.
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